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PREFACE. 



The present work is chiefly intended for beginners 
in Algebra; and it will be found to contain very nu- 
merous examples adapted to each subject introduced 
into it. 

Yet although this intention of making the young 
algebraist skilful in what may be termed the mechani- 
cal part of his science has never been lost sight of, 
still the algebraic rules have been fully explained, and 
in general rigorously proved; so that the learner may 
not only become expert in the use of symbols, but also 
may be enabled to give a reason for each step of the 
investigations he pursues. In a book of so moderate 
a size as this 'is, a part only of Algebra could be in- 
eluded; but the Table of Contents will shew that a 
uniform system has been adopted, and that the subjects 
treated on, are not only necessary, but of the highest 
importance. 



King's College, London, 
March 7, 1840. 
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INTRODUCTION 



1. In Algebra, numbers and magnitudeB are represented 
by the letters of the 'alphabet, and their relation and connexion 
expressed by certain signs, which used instead of words, ab- 
breviate the expressions. The numbers or magnitudes whicli 
are known or given, are denoted by the first letters of the 
alphabet, as A, B, C, &c, a, b, c, &c, ; but tliose which are 
to be discovered by some of the letters x, ^, z, v, u, ir. Known 
quantities are also denoted by the Greek lettersj a, /?, 7, ?, Sec. 
and the unknown by 0, (p, yj/, &c. 

The signs chiefly made use of are the following : 

+ — X -r- =. 

(1) + which is read plus, serves to mark the addition of two 
or more numbers. Thus 25 + 6, read 25 plus 6 ; signifies that 
25 is to be increased by 6 ; and a + b means that the number 
expressed by a, is to be increased by the number expressed by b. 

(2) — , read minus, which is placed between two numbers 
shews that the latter is to be taken away from the former: 
thus 24- 19, or 24 minus I9, means that I9 is to be taken 
from 24, and a — b expresses the excess of a over b. 

(S) X, the sign of multiplication, which is placed between 
two numbers; thus 12 x 18 is read, 12 multiplied by 18, or 
more briefly 12 into 18 : and a x b represents the product 
of a and 6. Sometimes a point (.) is placed between two 
letters as a ,b, but never between two numbers, lest it 
should be taken for the decimal point. But in general when 
the factors of a product are letters, i\eit\\et x hot ^>) \& \sl^^^^ 
and the product a by b is written ab; ^\\eTv,\io\^«Net,>oo^ 
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the factors are numbers^ the sign x must be placed between 
each : for should we write 5 6 instead of 5x6, the product 
. five times six would be confounded with fiAy-six. 

(4) -r the sign of division^ thus 36-7-12 read 36 divided 
by 12, means the quotient of 36 by 12^ and a -r- b, is the 
quotient of a by b; but this is more commonly expressed 
by writing a nbove b and drawing a line between them; 

thus T* 
o 

(5) = the sign of equality, thus 5 + 7 = 12, read 5 plus 
7 equal 12 ; and if the sum of a and b was equal to the excess 
of c above d, it would be expressed by a + b = c — d. 

These are the principal algebraical signs, and to them 
may be added, the sign of inequality >, by which we shew 
that one quantity is greater or smaller than another; 

thus a>b 18 read a greater than b, 
and a <b is read a less than b. 

The opening being always turned to the larger quantity. 

2. We 'now proceed to explain some algebraical abbre- 
viations. Instead of writing a + a + a + a + a, when the sum 
of 5 numbers each equal to a is required, we put 5 a, In 
the same manner 13 a, expresses the sum of thirteen numbers 
each equal to a, the numbers 5 and 13 are called coef&cients. 
And 7ab which indicates that the product of a by 6 is to 
be taken 7 times, has 7 for its coefficient. 

The coefficient therefore is a number written to the left 
hand of the quantity expressed by a letter or letters: and 
shews how many times the quantity expressed by the letter 
or letters ought to be taken. 

Sometimes indeed a letter is called the coefficient, thus 
a is the coefficient of ax, 3b of 3bx, 

We must also observe that when unity is the coefficient, 
y^js never expressed in writiiig, thus Nve "piuXi a veAtisAi \tt\ 
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Imt where we have to add or to subtract a we raust not forget 
that its coefficient is unity. 

3. Again^ if a number as a be multiplied by itself, 
instead of writing a x a, or a a, we put a*; the 2 which 
is written above a and a little to the right hand, is called 
the index or exponent of a, and is intended to shew that the 
product is composed of two factors each equal to a. In t|ie 
same manner a x a x a is written a*, and a x a x a x a, is 
written a\ Also, a' is called a squared, or a to the second 
power, a^ is called a cubed or a to the third power, and a% 
a to the fifth power. The utility of the exponent and 
coefficient in Algebra may be thus shewn. Let it be re- 
quired to express a product composed of 4 factors equal to a, 
of 3 factors equal to b, and of 2 equal to c : we then write 
a*h^c^ instead of aaaahhhcci and if also we wished to ex- 
press that this last result should be taken 7 times we should 
prefix 7 ; and write ^a*h*(^, instead of repeating aaaahbhcc 
seven times. 

4. The' sign J is placed over a quantity when its 
root is to be extracted, the particular root being indicated 
by a small figure placed on the left of this sign ; thus v^, is- 
read the cube root, or third root of a, and \lb, is read the 
fourth root of h; but the square root of a is written Ja and 
not ifa, the number in this root being always omitted. 

5. The vinculum — or brackets ( ), the former of which 
being placed above or the latter enclosing two or more algebra* 
ical t^rms, shews that the quantities are to be taken as one sum. 
Thus 3a + 6 or 5 (a + 5), means that the sum of a and h 
is to be multiplied by S, and thus if 56 is taken from 5 a, 
which is expressed by 5a — 56, it may also be written 
5(a — b) or 5.0-6. 

8. These are the chief signs and «h>yiem^^\csvi^ \sc^^ 
use of in Algebra; and to them may \)e a<8AA **. ^€t«!Us»i 
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and '.* since. Also : is to; thus a : b expresses the ratio 
of a to b. And :, ::, : used between the terms of a pro- 
portion, thus a i b :: c i d which is read a is to 6 as c 
is to d, 

7. The use of some of these signs may now be shewn 
in the solution of the following question : *' If the sum of 
two numbers be 13, and their difference S, what are the 
numbers ? " 

First, if the smaller of the two numbers were known, 
the larger would be found by adding S to it. Let therefore 
the smaller be called x, then the larger is ^ + 3, and their 
&um will be x-\-x + S, or 2x + 3. But. this sum is by the 
question equal to 13, and thus we have an equality or as 
it is technically termed an equation: 

viz. 2ar + 3 = 13. 

Now as 2x increased by 3, is equal to 13, 2x must be 
equal to 13 diminished by 3, or 2x must equal 10; and 
if twice a number equal 10, the number itself must be the 
half of 10 or 5, i.e. x = 5; and therefore the smaller number 
being 5, the larger must equal 8. 

In fact 8 + 5 = 13; and 8-5 = 3. 

The process written algebraically would stand thus : 

Let X be the smaller number ; 

.•. X + 3 is the larger ; 
.*. 2x + 3 is their sum ; 
.'. 2x + 3 = i3; 
.-. 2ar = 10; 

_10_ 
... jc-__5. 

And j: + 3 = 8. 

& The method used to obtain the answer to the pre- 
^^eding question is obviously appUcaVAe to eNcrj Q?Ca«t o^ 
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the same kind; instead however of multiplying examples^ 
with different numbers^ it might be shewn that^ if the sum 
of the numbers » 'S'^ and their difference = D, 

the greater number =|.?, 

the less number = — — — ; 

2 2 

i.e. the greater = ^ the sura + ^ the difference of the numbers^ 

the less = ^ the sum — ^ the difference ; 

thus in the preceding example^ S=13 and D = 3, 

. 13 S 16 ^ ^, 
then — + - = — = 8 = the greater^ 

/6 X ^ 

, 13 3 10 ^ , , 
and -—- — - = -— = 5 = the less. 
2 2 2 

Here then we perceive one great advantage of Algebra^ 

and it consists in this. Algebra not only affords methods for 

the solution of particular questions^ but investigates rules by 

which all questions of the same kind may be solved; i.e. 

S D 
it arrives at a general answer^ such as -3 + -^ > which will suit 

every question^ whatever numbers consistent with the question 
we put for S and D. 

Another^ and it may be^ a principal advantage of Algebra^ 
is the clearness with which it represents to the eye^ and so 
transmits to the mind^ the quantity whose value you wish to 
determine. Thus in the previous question^ among the suppo- 
sitions made and amidst the calculations consequent upon 
them ; x the quantity whose value is sought^ constantly 
appears^ and claims the attention of the computer^ and at 
the same time relieves the burden under which the mind 
labours while a question of this kind is attempted to be 
solved by ordinary language. 

The word solution or untying *jU8t used^ means in Al- 
gehra, the mode of arriving at tlie aasv^et \ft «l ^^^^\«^* 
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There are two kinds of questions in Algebra — Problems 
and Theorems. 

In the problem^ we have to find a number or quantity^ 
which combined with certain given numbers or quantities^ 
has some given value. 

In the theorem^ we have to shew what relation constantly 
exist between given and known quantities. 

Thus the question^ ^^ To find two numbers whose smn is 
IS, and difference 3", is a problem; 

And if we could shew that a and b being two numbers 
of which a is the greater 

a + b a - h 

we should have a theorem. 
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ALOEBUAICAIi DEFINITIONS. 

9. Every quantity written in algebraical language is 
called an algebraic quantity or an algebraic expression : these 
are divided into simple terms^ and compound expressions. 
Simple terms are those when one letter or one combination 
of letters only is used^ such are 

5a, 7b, Sab, Qabc, 12fl6". 

Compound expressions are those when two or a greater 
number of simple terms are connected by the signs + or — , as 

a-k-b, 7a'+ 5ab-i- 3bc, 4a'-66(?, &c. 

Also an algebraical expression consisting of one term^ is 
called a Mononomial ; of two terms> a Binomial ; of three terms^ 
a Trinomial ; and of many terms a Polynomial. 

A\so positive terms are those to which the sign + is pre- 
fixed, and negative terms are those which have the sign — 
before them. The first term of an algebraic expression^ if 
positive^ need not have the sign + before it^ but the nega- 
tive sign must never be omitted. Algebraical quantities are 
also called like or unlike; like when they involve the same 
letters; and unlike when the simple terms involve different 
letters. Thus 7 a, 5 a, are like quantities^ and so also are 
12ab% Sab*; but 7a, 5b, 12ab, 13ac% &c. are unlike quan« 
tities. In general the letters are written in the order of the 
alphabet^ thus we write abc, and not be a. 
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SECTION I. 

ADDITION AND SUBTRACTION. 



ADDITION OF LIKE AND UNLIKE QUANTITIES. 

10. The addition of unlike terms is performed by con- 
necting them together with their proper signs. Thus the 
sum of 

5a, 3b, and 4c is 5« + S6 + 4c, 

The addition of like terms is performed by taking the 
sum of the coefficients when the coefficients have the 
same sign^ and the difference of the coefficients with its 
proper sign, when they have different signs, and writing the 
sum or difference before the letter. Thus, 

7fl + 12fl = 19fl, and 4fl*-9a"4-3fl*, or 7fl*-9fl* = -2a*; 

for there is a positive quantity 7 a*, and a negative quantity 
gc^, and since 9^' is the same as 7 a' and 9 a', therefore 
— 9 a* is the same as —7 a* and —2 a', hence the whole 
sum is 7a'-7«* — 2a% and since 7«'— 7o* equals zero, the 
result is —2a*. 

The usual method of proceeding in addition is, to write 
the expressions whether simple or compound under each other, 
and add or subtract the coefficients of like terms as in the 
addition of numbers, thus^ 

da 

7a fl+ J + Sc %of-Qa^'¥5 -a^b 

3a 2a + 2b-\-c 7a' + 4fx'-.3 +^a'-3b 

a Sa-^- b-\-2c - lla* + 3a:*+ IS -a + 26 



l6a 6a-\-i'b + 6c 4o*-2a:*+15 



* * 



We may remark that it is not necessary to write the 
same letters directly under the correspondmg \^\X«t ^Soon^ \\.» 



\ 



I ADDITION OF LIKE AND UNLIKE QUANTITIES. V 

but in finding the Bum, we must take care to connect tog^ether 
all the coefficients which involve the same letter or tlie 
same literal product Example: 

40^- 8jr^ + 5y - 7 

4jr^-7y +8x' - IS 

2y + 5j:' -7a?^ + 23 

16-30-^ +4/ -7ji^ 

10j:'-14xy 4-4y +19 

For the coefficient of a:*, is 4 + 8 + 5-7=10, of x^ it is 
-8 + 4-7-3 or -14, of y, 5-7 + 2 + 4 or 4, and 
-7-13 + 23+16 equals I9. 

The vinculum or bracket is very useful in expressing the 
sum of quantities when the coefficients are literal. 

Ex. Find the sum o£ ax'-h bi^+cz, Qba^+ci^ + az, and 
x* + y— xr; writing the expressions down under each ot^er. 

^bjc'+cy' + az 
x' + i/^ -3 

.(a+ 26 + l)ar' + (6 + c + l)y + (c + a - 1) -s 

For we observe that a^ is multiplied by a, 2 b, and 1^ 
y by b, c, and 1^ js by c and a, and also that 2: is to be 
subtracted, hence its whole coefficient is c + a— 1, whence 
we obtain the result given above. 

SUBTRACTION. 

11. In subtraction when the quantities are like we take 
the difference between the coefficients, and write afler this 
diffisrence, the literal quantity : but when the quantities are 
unlike, the sign — , is placed belvfeen \kicai. 
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Then if 5a is to be taken from la the result is 2a; but * 
if 46 is to be subtracted from "J a, the result is written 
7 a — 46. The operations may be thus represented. 

From 7a 7a 8a + 46 + 7c o, 

Take 5a 46 4a+ 6 + 3c a 



2a 7a-46 4a + S6 + 4c 



The preceding examples contain no difficulty: had we 
however to subtract b — c from a, the result a- b-\-c, requires 
explanation. 

First, having to subtract 6-c, if we only subtract 6, 
the result a — 6, is obviously too little, for the quantity 6, 
which has be^i taken firom a, ought to be diminished by c, 
before the subtraction be efiected : we have in &ct subtracted 
a quantity too great by c, and therefore to obtain a true re- 
sult the difference a - 6 must be increased by c, or the dif- 
ference is, as we have before written it, a — 6 + c : and we 
see that we should have obtained the same result, had we 
changed the signs of the terms of b — c and then added the 
quantity so changed to a. Next, had we to subtract a nega- 
tive quantity from another as — 6, from a : what is the re- 
sult? 

It is clear that the difference between the two quantities 
will be unaltered, if we add the same quantity to both. Add 
therefore 6, when a becomes a + 6, and — 6 becomes -6 + 6 
orO; and taken from a + 6, leaves a+6: or a-(— 6) = a + 6. 

From these considerations we obtain the following general 
rule: ^^ Change the signs of all the terms of the quantity to be 
subtracted, or of the lower line, and then proceed as in ad- 
dition*." Thus, 

* The following proof may also be given : 

Since a = a-'d'i-c + b~c^ for -6 + 6=!0 and +o-c = 0, if now 
C^ — c) be taken from each side we abaft have 

a . ^5 ^ c) » ii^H^« «r 



▲DDfTKMir OF LIKB AND UNUKE QUANTlTin. II 

4a- 3b 17a'-4a6 + 5 -l6a'+25a6 a -a 

2a-h2b -2a"+2fl6-3 -12a*- Sab -a +fl 



2fl-56 19«*-6fli + 8 - 4a' + 30afi 2a -2a 



12. We shall now give a few more examples of addition 
and subtraction. 

Ex. Find the sum and difference of a'+2ab + b* and 
a*- 206 + 6*. 

To fl*+2a6 + 6' From a' + 2a6 + 6* 

Add a*-2a6 + 6* Take a'-^ab + b' 



2a* +26* 4a6 



To a'^. + Sa'b'hSab'-^b'' From i^-^ 3(^b^ 3ab'-^b^ 

Add c^-Sa'b + Sab'-b'' Take a''-3a'b + Sab^'-b^ 



2 a' 


+ 6 aft* 


From 
Take 


6a*6 


+ 26* 


TO f 

Add j+2 


jr* 
ajr + -- 

4 

ax*- 


a* or" 
aj? 4- — 

2 4 

— +2aa:— — 

3 2 




5 . .a:* 
^a"+aar- — 

4 


a* ^ 3ar* 
4 





In the last two examples the coefficient of a* in the upper 

line is - and in the lower it is - and - + - = 7; and = 7?* 

2 3230236 

Also - and - - are the coefficients of j^, and 
l/J^ll 12 1 ,iri\lt3 
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These two examples require to be well understood by 
the learner. 

13. It may perhaps be useful to hun to give numeri- 
cal values to the letters : thus^ suppose a — %y b = 2, and c= 1. 

Then 5a + 3i-2c= 15 + 6-2 = 19, . 
2a*+6a6- 136c =18 + 36- 26 = 28. 

And as examples he may prove that 

a*+ 2a6 + 6* = 25, a^-2ab + 6»= 1, 

fl6+ ac + 6c + 6*=15, 
aV6'+c*+2ai + 2ac +26c = 36, 
fl'+3a^6 + 3fl6» + 6^=125, 
a^ + Saif- 3a*c --c^^^^S. 

Having proved these results, he may proceed to the fol- 
lowing examples in addition and subtraction. 

EXAMPLES— ADDITION. 

' (1) The sum of 3a + 26, Sa-hOb, a + 3b and 6 + a is 
10a + 126. 

•(2) Of a + 2b + 3c, 2a + 36 + c, and 3a + 6 + 2c is 
6 (a -hb ■}■€). 

•(3) Of 7a -5c + 26 and 2a -3c + 56 is 9a -8c + 76. 

(4) Of 5a + 36 + 2c-5, and 3a-2b-h^c-2 is 8a 
+ 6 + 4c - 7. 

(5) Of -6a + 36, -2a -86, and 8a + 56 is 0. 

"(6) Of 2b + 30- a, 4a -86 + 2c, and -6c+46-da 
is -2b-c or -(26 + c). 

(7) Of 7a-66 + 8c-5, 6a-76-5c + 8, 5a-86 + 6c 
-7 and 8a-h5b-7c + 6 is 26a- l66 + 2c + 2, 

C^J Of 25a*- i6a* + 8a* - 7 a* + Wa* \% ^^laS 
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•(9) Of 8a:«- 17«jf+12y, 4^a^-¥ Sxtf^Q^, 1^-^Jty 

— 8a:* and a^+xtf'\-if is 5ar*— 15jr^ + liy. 

(10) Of 5a*6 + 3a"6'c-7flft, - 6a* 6 + 2fl«6«c+ 17fl 6, 
and ^d'b-Sa'h^c-lOab is 8fl*6-Sa'6*c. 

(11) Of SaJc*+2fiy-8, - fla:"+2cy-10, and ba^-¥a^ 
+ 20 is (2a + 6)a:*+(26 + 2c + fl)y + 2. 

(12) Of a3^+ha^ + cx-\-d, -Saj^ + ca^-\-^hx + a, 4j:" 
+ 3a:*+2jr + l, and ^ba^-^aa^-ax-b is (4-2a + 26)j^ 
-(2a~86--3)j:'+(2 + 26 + c-a)jr + rf+ a + l-b. 

/to\nr^ 1,11 1,1 ,1 1,1 

(13) Of-fl--6-f3C, -fl--6-.-c and -i, + jA + -c 

^^ 12 60 "^ 30 • 

SUBTRACTION. 

' (1) The difference between Sa-T^ + ^c, and 2a -S6 
H-2c is a-4'6 + 2c. 

" (2) Between 4a ~ 26 + Sc and 3a + 46 - c is a- 66 + 4c. 

• (3) Between 13a - 26 + 9c - 3<i and - 4a - 66 + 9c - lOrf 
is 17a + 46 + 7<^« 

(4) Between -2a -36+ 2c and Za-hb-^Qc is -4a 

— 46 + 4c. 

V (5) Between 56 - 3a + 150c- 80(i and 176-18a + 2lOc 
-120rf is 15a-126-60c + 40rf. 

*<6) Between 6a + 26-(8a + 5) and 2a + 46 - (^4a - 6'\ 
18 Sa'-4i» 
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(7) ^Between a + b and - — - is - + -r- . 
^^ 2 2 2 2 

(8) Between - + --- and -^-- is -^^ g. 

(9) Betweenj—-^^-**) and S«-^-(2« + 8«0 

is 4 a J?"— 2 12^. 

(10) Between 4fla:^+ 6ar + c and 3a^-2a: + 5 is (4fl - S)a:* 
+ (2 + 6) a? + c - 5. 

(1 1) Between 00:^+60?* +car + rf and ea^+fx' -gx — h 
is (a-e)a?® + (6-/)a:*+(c + g)a: + cf + A. 

(12) Between aaf^-bx^-ca^ and -2fla;"* + ca:"-i«'' is 
SaaT- (b + c) a?" + (6 - c) x^. 



SECTION II. 

MULTIPLICATION AND DIVISION OF ALGEBRAIC QUANTITIES. 

14. Previous to the investigation of rules for the multi- 
plication and division of algebraic quantities^ it will be ne- 
cessary that the beginner should have clear views of the 
nature of the positive and negative sign ; his earnest atten- 
tion to the next article^ which treats of these signs^ is con- 
sequently demanded. 

ON THE SIGNS + AND -. 

15. We have already seen that when b is to be added to a, 
the result is algebraically expressed by a + b: and that when 

^ Is to be subtracted from a the Te»\xlt ia mritten a — 6: 
^nd thus the signs + and - are the xsvaxV^ ot ^Cbfc cs^p^mBte 



MULTIPUCATION AND DIVOUON OF ALOEBRAIC QUANTITIIS. 15 

operationsy addition and subtraction. But the signs + and — 
are not limited to the interpretation of these rules only; 
their general relative signification being oppotiiion. What^ 
ever quality or affection is expressed by +a, the contrary 
is expressed by — a. Thus if + a represent property, - a 
would represent debt, if + a be the length of a line or 
curve drawn from a given point to the right hand ~ a 
would represent an equal distance taken from the same 
point towards the left hand. If + a represent a distance 
measured from a point upwards - a will represent an equal 
distance measured from the same point downwards. Thus^ 
as in some thermometers, the freezing point is zero. Then 
+ 20^^, would express a state of temperature 20 degrees 
above the freezing point; and — 20^ a state SO degrees be* 
low it. 

16. Bearing in mind this definition of the opposite qua- 
lities of + and —, let us examine the result of the multi- 
plication of + a or —a by +b or — 5. And here we may 
observe tiiat a and b, though standing for things and- not 
merely for numbers; i.e. for distances, areas, money and 
other things similar to these, yet may be considered as 
numbers, which are multipliers of the units of these quanti- 
ties : tiius if a be the length of a rod which is a feet long, 
one foot is the unit, and the length is a times one foot: 
if a represent pounds sterling, then £l. is the unit and a 
is the number of times that £l. is to be taken: and if a 
be lbs. avoirdupois, a is the number of lbs. taken. 

This being said we may remark, that the product of a 
and b independent of the algebraic signs will always be a b, 

(1) +ax + 6 will =-{-ab or ab: for considering a to be 
a number, a must be added b times or the number added 
must = + ab. 

(2) Hence + a x - ft must ^—ab: for - 6 multiplied 
into a must give a result directly agi|^\tft t^ tlz^alL «mvai^ 

i5wn multiplyiDg -f a by + 6. 
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(3) — a X + 6 should give a result directly opposite to 
+ a X + 6^ i. e. the result must be — ab. 

(4) —ax — b must give a result directly opposite to that 
of — flx + ft, or to —a 6, and this opposite result is +a6; 
.•. - a X — ft = 4 ab. 

Hence we see that + multiplied into + and — into -, give 
results affected by the positive sign^ and that + into -, and 
^ into -h, give results affected by the negative sign; and 
hence we obtain the following rule of signs. 

When two quantities^ having like signs^ are multiplied 
together^ the sign of the product is + ; and when the quan- 
tities have unlike signs^ the sign of the product is -. 

MULTIPLICATION. 

17- The multiplication of simple unlike terms is per- 
formed by multiplying the numerical coefficients of the two 
terms together^ and writing the letters in order after the 
product of the numbers^ taking care to prefix the proper 
sign. 

And the rule of signs is this^ 

+ into 4- and - into — give +, 
+ into — and — into + give — . 

Thus 7a multiplied by 5b, is 35ab; and Sab multiplied 
by —2cd, is —iGabcd ; in working examples the multiplier 
is usually written under the multiplicand; thus 

12a -l6a ISab -^ac 

3b - 7c - 3c 5bd 



36ab, I12ac , —H^abcy —^Babcd, 



IS. Again^ if many unlike terms connected by the signs 
-/- and -, are to he multiplied by a sim^\e Xjctta, tlie product 
Js found by multiplying each term oft iVve xoxiX^a^v^wA Xfj 
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the multiplier^ and collecting together the simple products 
affected with their proper signs. 

Thus^ if 2a + 3b — 5c, is to be multiplied by 6d, each 
term of the trinomial must be multiplied by 6d, and the 
sum of the partial products, gives the whole product 
required; in practice the multiplier is written under the 
left hand term as below, and the result obtained in a 
single line. 

Multiply 2a + 36 --5c 

By 6d 

Product 12flrf+ ISbd- SOcd 



Ex. 5a-6b-8c -lla + 56-12 

9d -3c 



4i5ad- 54ibd~72cd SSac- \5bc + S6c 



19. If the multiplier consist of more terms than one or 
be a compound quantity, we might multiply the multipli- 
cand by each term of the multiplier separately, and then 
add together the products so obtained, for the complete re- 
sult; but this would entail upon us the trouble of writing 
the multiplicand as often as there were terms in the mul- 
tiplier. In general therefore the multiplier is written under 
the multiplicand, and every term of the latter is first multiplied 
by the first term of the former, reckoning from the lefl hand, 
and this result is written in one line; a similar product is 
formed by multiplying the multiplicand by the second term 
of the multiplier, and this result is written under the former, 
but its first term is placed under the second term of the 
first product; similarly we proceed with the third and fourth 
and remaining terms of the multiplier, and all the separate 
products being found, the sum of all the terms thus arising 
will give the product required. The followlu^ e^am^lea 
will shew how the multiplication is eSecXife^. 
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Ex, Multiply 3a + 5 6 + 2c by 5d-h3. 

3a-\-5b-^2c 
5d+3 



Multiplying by 5^ 15ad + Q5bd+ lOcd 
Multiplying by 3 +9a+156 + 6c 



Product = i5ad + 25bd+ 10cd-\-ga+ 15 A + 6c. 



Again in the following examples^ 

2a -3d 5ar-7 

36-^-20 7^ + 9 



Gab-gbd 35xif - i>gy 

'\-4tac-6cd +450? -63 



6ab + 4flc - gbd - 6cd 35xtf + 45a: - 49^ - 63. 



20. In the preceding examples^ the same letter has never 
occurred in both factors ; this case which constantly happens 
remains to be mentioned. Thus had we to find the product 
o£7a'b by 8 a* 6* the result would be 56a*ba^b'; but if we 
consider that a' is the product of two a's or = a x a, then 
a* X fl* is the product of four a's or =a x ax ax a which is 
agreed to be written a\ also since 6 x ^ is the same as 
b X b X b or b', the whole product becomes 56 a* b^. 

21. So again^ if 2a^ is multiplied by 4a^: then since a* 
is the product of three a's and a^ the product of seven a's ; 
.-. e^xd' will be the product of ten a's or = a^\ 

And, .-. 2 a' X 4 a'' = 8 a". 

Hence, also since the product of m a's or 

a X a X a X a to m {actotft » tf". 
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And the product of n a's is for the same reason a". There* 
fore the product of d^ by a" will be that of (m -k- n) a's, or 
may be written a***; 

i.e. oT X oT = a^*\ 

Whence we obtain this rule: To find the product of the 
powers of the same letter. ' Write the letter^ with an index> 
equal to the sum of the indices of the factors.' 

Observe that the index of the simple power is unity, or 
that a = a\ 

22. We shall begin with simple terms to illustrate the 
preceding rule. 

Multiply 5 a» Gab - 12a"6»c -9^y^ 

By 7a' -lab 8ab'(f -lix^fz' 



S5c^ ^\fi.a^b^ - 96a*6*c* 99^?*/^* 



Next let the multiplicand be compound, 
2a' - ^ab + 26» a' - bal'b + 15a»ft* - SOab" 

3a -2a 



6a» - 9a«6 + Gab"" - 2a« + lOa'b - SOa^b' + 60a"6* 



Lastly let both multiplier and midtiplicand be com« 
pound. 

a + b a- 2b a' - ab ■\- b' 

a + b a — 2b a -h b 



a' ■{- ab a^ — 2ab a* - a^b -h ab' 

-hab + b' -2a6 + 46» + a«6 - a6» + 6* 



a* + 2tf6 + 6« o«-4«6 + 4ft» a» ♦ ♦ +6'* 



* <' When in the addition the positive and negative quantities are equal, 
and there is therefore no result to be put down, tin tAleniW* \& %^tv«uS1i ^^ 
to mtuk the dreamtUnet," 
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a + b X* -^ a^y + a^y^ + J?y + y* 

a — h X — y 



a' + ab x'^ + x^y + af^y' +, ar*y + xy* 

- ab- b' - x*y - ^}t - ^y^ - ^y^ - y^ 

a!" * ^b^ x' • ♦ * * -y 



2a' + Sa& + 4ft* 



4a* - 6a*6 + 8a^ft" - 10a*6^ 

+ 6fl*6-9a'6'+ 12a'6*- 15a6* 

+ 8a*6* - 12a* 6^+ l6a6*- 206* 

4a* ♦ + 7a^6* - 10a* 6^ + a6* - 206* 



a a 1 

a* - -- + -7 
2 4 




2 a 1 

« + t; + t; 

3 9 




, a» a* 
^24 




, a« a* 
3 6 


a 
12 


a* 


a 1 


^9- 


18 "^36 


4 a' 7a" 
« 6-^36 


a 1 
"^36 "^36 



'6^. 



11 ^ ^ 1 

For the coefficient of a" is —o"^© ®'' "~6"*"6~~6' 

that of a* is 1-^4-1 or ^-l-^^^A^ of ^ it is 

7l^-7F=^-^=i whence the TcaxikR oAoXam^ ^&»n^- 
13 18 36 So 36 
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DIVISION. 

23. Division is the inverse of multiplication; for if a 
quantity be first multiplied and then divided by the same 
quantity^ its value is unaltered: and to divide one simple 
term by another is to find how often the latter is contained 
in the former: or since the dividend is equal to the pro- 
duct of the divisor and the quotient^ we may define divi- 
sion to be^ 'The having given one factor of a quantity to 
find the remaining factor.' 

Thus 4a6c-f- by 2c or -— — = 2ab. 

Since 2c x2ab = ^abc: and -7i.— =3a, since the pro- 
duct of 6b and 3a is 18 ab. 

24. When powers of the same letter occur both in the 
divisor and dividend, the index of the less must be taken 
from that of the greater. 

Thus ^ = a^ 

For a^ is the product of R\e a's and a' of two a's, and 
therefore striking two from each we leave a x a x a or a* 
in the numerator and unity in the denominator. 

Also for the same reason -.- = ^ • 

Hence in the division of mononomials, ''We must first 
strike out the letters common to both divisor and dividend^ 
then take the difference between the indices of the same 
letter, and multiply the result by the numerical quotient if 
any." 

25. The rules for the algebraical signs may be obtained 
from those in multiplication. For the dividend being equal 
to the product of the divisor and quotient^ the sign of the 
quotient may be easily determined. For since 

+ arises from + into + or — into ^ 

- + into — ox - VnXft ^ 
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If the dividend and divisor have the same sign^ the quotient is + 
• k different signs^ it is — 

or we may give the rule this practical form^ 

— and — give + 

And — , — give — 

The following examples will illustrate the preceding rules 
and remarks^ 

Ta)S5a!'hc -2ab)l6ah 8a"6J-128a*6* -Sbcy^labc 
5abc -8 -l6a*b' 9a 



When the numerical coefficient of the divisor is not con* 
tained in that of the dividend it is better to write the quan- 
tities in the form of fractions. 

85a^6* 17ab 



Thus 85a^6'4-25a*6 = 



And 32abc-^4Sa^c = 



^.SaJ'b 5 

32ahc 26 
48oV * So" ' 



26. When the dividend is a compound quantity and 
the divisor a simple term^ the quotient is found by dividing 
every term of the dividend by the divisor^ as in the fol- 
lowing examples* 
50)250'- 15ab 4>b)Ua''b -l6b^ - Zab)Sa'b'- Uabc 

5a -3b 3(f-W . -4a6 + 7c 



27* When the divisor is also a compound quantity 
'^ arrange the terms both of the divisor and dividend ac- 
cording to the powers of the same letter^ beginning with 
the highest power in each. Divide the first term of the 
dividend by the i!rst term of the dmeor, and set down die 
quotient by itself: multiply every term ot ^e ^N\wst V5 
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this quotient, and subtract the product so arising fr<Hn the 
dividend: then considering the remainder^ should there be 
anyj to be a new dividend, again divide its first term by the 
first term of the divisor, and add their quotient to the for* 
mer, multiply the divisor a second time by this quotient and 
subtract this product, from the former remainder, and so 
proceed till the division be completed, or till no term of 
the remainder be divisible by the first term of the divisor." 

The following example will illustrate the rule. 
Divide 2a* + 4aft + 26* by a + 5 
a + h)9.a*-^- 4a6 + 26* (2a + 26 
2a* + 2a6 



2a6 + 26* 



Here 2 a* divided by a gives 2 a the first quotient, then 
a + 6 the divisor, multiplied by 2a = 2a* + 2a 6; subtract 
this from the dividend and the remainder is 2a6 + 26*. 

Again, 2a 6 divided by a gives 26^ the second quotient, 
and 26 multiplied by a + 6 produces 2a 6 +6*, which sub- 
tracted from the first remainder, leaves no second remainder 
and the division is completed. 

(Ex. 2.) x - S)j^ - 6a?* + 11a: - 6 (y - 3ar + 2 



Sx' + llx 



2ar-6 
2ar-6 



In this example it may be observed that the whole re- 
xnainder is.^ot brought down aflet \h^ fe%\. «^\x^siCNss^\ 
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this is done to save writings as —6 was not wanted in the 
second subtraction; a little practice will point out the reason 
of this omission better than the laying down of an explicit 
rule. 

(Ex. 3.) 

X* + 9,01^ a + x^a* 



2ar'a + 4x'a* + 2ara* 

or'a' + garfl' + fl* 



(Ex. 4.) a - 36J a* - 8l6* (a* + SaJ^h + 9«^' + 27^' 



Sa»6 








3a*6- 


- 9a'6' 








9«"A' 






9«'6'- 


- 27«6' 








27a6'- 


-816* 






9.1 aV^ 


816* 






* 


» 



(Ex. 5.) 

2a»- 5a6« + 26"j4a'- 25tt*6* + 20a6* - 46\2a^ + 5fl6'- 26' 

4ii*-10a*6« + 4a»6» 



10a*6«- 4fl'6* - 25ii*6*+ 20a6* 

-4a»6«+ 10a6*-.46« 
-4a»6^+ 10a6*-46'' 
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«• x3j^ ^ 77 . 43 , S3 ^^i3a^ ^ . * r> 

3j^Sj^ 9£ 
4 2 "^ 2 



2 *** 8 4 

^ + 53^ -15x» 
2 



1 

8 


a?* 


-?- 


S3 

4 


1 


«» 


ar» 


So; 


8 


4 


^4 






9^' 
%2 


-9^^ + 27 






9^ 
2 


- g-^ + 27 




* 


» » 



28. In the preceding examples, the divisor is contained 
exactly in the dividend, and the remainder is consequently 
nothing: we shall now give examples in which there is a 
remainder. 

x — aja^ -h a^ (x' -hax + a' 



4-aar' 
ax^ — d^x 



a^x + a' 
a^x — a® 



2a^ the remainder. 



The division cannot now be carried on by the former 

process, but stQl it may be continued, the next term of 

2fl* * 

&e quotient being — j in fact, thece V^ >a^ ^ ^xves. ^H. 
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fractions in the quotient^ which series may be continued^ to 
any length. 

Again^ divide 1 by 1 — x, 

1-x 



X 








X' 


-x^ 




- 




x^ 






x"- 


-x" 








:^ 








!^ 


-a?* 






a:* 



a:* remainder 
Here the division may be continued for ever. 

Divide ^ + 2 by or + l. 

or-f 1 



1 + 1 

X 



1 




X 




1 1 




X x^ 




1 




J?« 




1 

3^ 


1 


. 


~s remainder. 
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Such expressions as 1 + x + **+ jr* + &c. and 1 + — -5+&C. 

are called infinite quotients, not because their value is oi 
necessity very great, for indeed they are sometimes very 
small: but because they do not terminate. 

29. It is useful to know that the difference both of the 
odd and even powers of a and b is always divisible hy a — bi 
thus 

(a»-i')-f-(a-5)=fl + i 

(a» _ fti) ^ (a - 6) = fl* + fl«6 + fl«6« + flft* + 6*, 

and so on; but the difference of the even powers is only 
divisible by a + 6. Thus 

(/r*-6«)^(a + 6) = a-ft 

(a*_ h") -T- (a + 6) = a»-a»6 + fl6»-ft^ 

'(a« - 6«) -f. (a + ft) = a* - o*ft + a^¥ - a»ft» + eft* - ft*. 

Also since (a + ft) x (a ^ 6) = a* — ft*. 

Therefore the sum of two quantities multiplied by their 
difference^ equals the difference of their squares. 

And the difference between two numbers is equal to the 
product of the sum and difference of their square roots; 
for a and ft are the square roots of a' and ft'. 

Thus {5-¥S)y, (5 -3) = 25 -9 = I6. 
And 81-49 = (9 + 7)x(9-7) = 32. 

The reader may supply other examples; and let him 
verify the assertions in the precieding paxt o( \Sk^ ^3Nk<i;^<t« 
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EXAMPLES IN MULTIPLICATION. 

(1) The product of 15ab and 30cd = 4f50abcd. 

(2) Sa"ftox 12a6c»x 5fl^6V= ISOa'ftV. 

(3) Sa^'xiia^xSa^x 6a^ = SGOa^K 

(4) ^a'b'x^a'bx^ab'=10a'b\ 

(5) (Sa'- Sab + 2^>») x 4fl = 12a'-20a*5 + ^ab\ 

(6) (8a«- Gab + 12ft*) x Sa6'= 24a*6 - I8a«ft*+ S6fl6*. 

(7) (2a*-12a« + 4a*+2)x2a'=4a*-24fl*+8a* + 4a*. 

(8) (|«»ft-y«6»+|6») x^fl6 = 18fl«6'-12a'6»+?ia6*. 

(9) (a«-' 6 -«"-'&" + «ft'*-0 ^ ab = a''b'^a'^^b''+a'b\ 

(10) (2fl-S)(a + 2) = 2fl" + a-6. 

(11) (3a*-2aft) (2fl- 4ft) = 6a»-l6fl*ft + 8a6*. 

(12) (4a»- 6a + 9) (2a + S) = 8a^ + 27- 
(IS) (a«+aft«)(a*-a«ft^) = a«-o*6^ 

(14) (1 + 2a: + Sar«) (1 + 2^ + So;") = 1 + 4ar + lOar* + 12a?' 

(15) (a:« + 16a: + 60) (a; + 2) = a:^ + 180:^+920: + 120. 

(16) (l+a: + a:* + a:» + a:*)(l-a:) = l-a:\ 

(17) (a'+260(a + 2ft) = a' + 2a»6 + 2a6' + 46». 

(18) (a:* + Sa: + 2) (ar + 3) = a:®+6ar»+lla: + 6. 

(19) (a:* - 7 ^ + 5) (a; + 8) = a:* + a:* - 5 1 a: + 40. 

(20) (Sa'' ^ 5ab + 26*) (a» - 7fl6) = Sa* - 26a»6 + 37a'6« 
-14a6^ 
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(22) (4a* - Sa^b + 5ab' - 2b*) x (2a« - ^b*) = 8a' - 6a'b 
- 1 6a*6« + iaa*6«+ 12 a»6*- 4a*6*- 20a6*+ Sb\ 

(23) (or* + 2a?*j^ + 40?*/ + 8x/+ 16/) (jr - 2 j^) = ar* - 326*. 

(24) (a« - 2a*6» + Sa'b*) (2a' - Sab + 46*) = 2a» - Sa^b 
+ 6a'6»-2a*6*-9fl"6*+ 12a»6«. 



p=) (M4) (¥-!)=?-'¥ 



"^•^ f _i 



36 3 8 

(26) (a" + 2a6 + 26') (a"- 2a6 + 26*) = a*+ 46*. 

(27) (2a«-3a6-46»)(Sa«-.2a6 + 6»)=6a*-13a'6-4a«6* 
+ 5a 6»- 46*. 

(28) (a" + a6 + 6«) (a + 6) = a" + 2a*6 + 2a6« + 6^ 

(29) (a•-a6 + 6»)(a-6) = a^-2a«6 + 2a6»-6^ 

(30) (a + 6 + c) (a + 6 - c) = a' + 2a6 + 6»- c'. 

(31) (a"+ 6» + c^ - a6 - ac - 6c) (a + 6 + c) = a' + 6« + c» 
— Sabc. 

(32) (a» + 2a*6 + 2a6« + 6») (a^- 2a"6 + 2a6« - 6«) = a*- 6«, 

(SS) (1 - Sa: + 3 j;'- j:^) (I - 2ar + j:^) = 1 - 5a; 4- lOor*-- lOo:* 
+ 5 J!* - a^. 

(34) (2a'»6c - 3a«6«c + babd") x (3a6«c - Bab'c'' -Ja^'bc) 
= - 14a*^6V + 21a'*6«c» + a*6V (6b'- lObc - 35(^ - 3a«6*c" 
(36 -56) + 5a%^ c^^Sb" 5c). 

{35) (x' — px + q) (x - a) = x^ — (p + ajx' + (^ + ap) x — aq. 

(36) (x'—px + q) {x' +px- r) = x*-h {q— r-p')x^-h (pr + pq) 
X — rq, 

(37) (a"* + 6"* + c*) (a" + 6" + c^) = «»"+« + 6"'+'» + c"**" + a"* 6*^ 
+ a'^ff + b^aT + 6**c" + c"*a" + 6"c*. 

(38) (or + a) (or + 6) (a? 4 c) (or + rf) = a:* + (a + 6 + c + <0 
a^+(a5+ac+ad + 6c + 6d + cd)a?-v(ttl)c-Vtt>>i-vacd.v\>c^x 

T^ abed. 
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(40) (a«- ft« + c«~d*) («« + 6^ - c« - rf«) = a* + ci* - ft* - c* 
+ 2ftV-2a«ff'. 



(41) (^+3aa:-^')x(2^-«a;-D = 5a;*4- 



2 



107 8 o ^a^x 7a* 



+ 



12 6 6 • 

, /15ft^ 7ft* 6ft^ /8ft* 3ft*\ _ 120ft* 101 ft^ 

69b' ISb'' 



a® a* 



EXAMPLES OF DIVISION. 

(1) The quotient of 6a - 8ft + 4c by 2 = 3a-4ft + 2c. 

(2) a»-2a»ft + 4aft' by a = a'-2flft + 4ft*. 

(3) 12fl*-20a»ft + 8aft* by 4a = 3a*-5aft + 2ft*. 

(4) 24a*ft - 18a*ft^ + 36ab* by Gab = 4a' - Sab^ + 6b\ 

(5) 9fl*ftc-12aft*c+15aftc* by 3abc= Sa-^b-hSc. 

(6) 4a«-6aV + 8aftc by 6aft = ||-^+|c. 

(7) a* + 4aft + 4ft* by a+2ft=a + 2ft. 

(8) 18a* -8ft* by 3a - 2ft = 6a + 4ft. 

(9) ar' + 6a:*+ lla?+ 6 by a? + 2 = ar^ + 4ar + 3. 

(10) a' + 3a*ft + 3aft* + ft« by a + ft = a* + 2aft + ft*. 

(11) a' + a*ft-aft*-ft« by a-ft = a* + 2aft + ft*. 

(12) 3a* - 26a»ft + 37a* ft* - 14aft« by a* - 7«ft = 3a' 

(13) a^+d^ by a-hb=:n'-ah^h\ 
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(14) ii* + A* by a + 5 = fl*-a»6 + a«A«-fl6» + 6\ 

(15) 2a*-lSa'6+31a*6*~38fl6*+246* by 2a'- Sab 

(16) a* +46* by a»-2fl5 + 26" = «» + 2a6 + 26*. 

(17) a* + 4a'6'+l66* by a" + 2fl6 + 46" = fl«-2fl6 + 46*. 

(18) 4a*-9a'*' + 6a6'-// by 2fl'- 3a6 + 6« = 2a' + Sa6 

(19) 27o* - 6a" + J by 3fl* + 2fl + i = 9«'-6a + 1. 

(20) -40y+68ary+ 25x'y*+21ar'/-18ar*j^-56a:* by 
5y - 6x1^ - 8«" =» - 8y* + 4ary - 3 x*^ + 7^. 

(21) 56a* - 59a* - 73a' + 95a - 25 by 7a"-3a«-lla 
+ 5 = 8a-5. 

(22) 10a*+lla'6-15a*c-19a6c + 3a^»«+ I5bc* - 5b'c 
by Sa'-^Sab-Sbc = 2a + b-c. 

(23) a»-8a^6 + 28a*'6»-56a*6* + 70a*6*-56a'6V28a"6« 
-8a5^ + 6« by a* - Sa»!^ + 3a6' - 6» = a» - 5 a*6 + 10 a»6* 
-10a"6«+5a6*-ft*. 

(24) a^ — (a + p) x' + (5 + ap) x — aq hy x - a = a^ — px + q. 

f^ir\ ^ 17x' X 1 - 2x 1 X* X 1 
('^) 3-36-^-8 ^y T-^^^-S-^i- 

ec^c^ K 4 76a^ 107 a,, 5a6^ 7^' , ^ , , b' 
(26) 5a*+— -^a»^>» + -^ + -^ by 2a»-a6-~ 



2 12 6 6*^ 2 



+ 3a6~-^-- 



2 

(27) a;4_^^8^^fLi + ^ by a:*-2ax+^ = x'+2a« 



63 6-^ 2 



a' 
■*-3- 



(28) a«-6«-V + c?"-2arf + 26c by a-6 + c-rf = a + 5 
— ^7 — a^ 
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(29) fl^+^^^-^Sa'fi'-gc'rf'-c*-^* by ««+&»- c«-rf» 

Cases in which the division does not terminate. 

(30) = a—ax + ax^—aji:^-hax*-&c. 

^ ' 1 +ar 

(31) = 1 +a? + a;^ + a?^ + a?*+&c. 

^ ' \ — X 

(32) - — ^ 5 = l + 2a:+3a^+4a:^ + 5a:^+&c. 

(33) ^ -^ = l-2a:+3a?'-4ar^ + 5a:*-&c. 

r^.N a a a « « . o 



.^. ar + fl , rt + o ao + o- ao+u 



(36) 1 Sx ^^ ^x^j,^gj^^.2,4j.3 + 2,42.j.4^&:c. 



1-4j? 



CHAPTER II. 

ALGEBRAIC FRACTIONS^ GREATEST COMMON MEASURE^ 

INVOLUTION, EVOLUTION. 



SECTION I. 

ALGEBRAIC FRACTIONS. 



30. Our notions of Algebraic fractions are best derived 

5 
from those of the ordinary numerical ones. Thus as - 

means that the unit, whatever it may be, has been divided 
into 7 parts, of which 5 have been taken: so the fraction 

J- conveys to the mind the same idea; viz. that the unit 

has been divided into b parts, and a of these parts have 
been taken. 

This being the case, we have only to extend to Algebra 
the rules to which we have been accustomed in Arithmetic, 
in order to reduce the algebraic fractions, to others having 
the same denonciinator : to add them together, to find their 
difference, product and quotient; before however we do so> 
we shall premise a few important propositions. 

31. Since j- represents the quotient of a divided by b, 

and if we multiply the quotient by the divisor, the result 
should be the dividend; 

,•. Y X 6 = a ; 
o 
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or if a fraction be multiplied by its denominator, the pro- 
duct is the numerator. 

32. Again, since b xj- = a, as we have just seen ; there- 
fore multiplying both by another quantity w«, 

7 ^ 

mo X T = ^fid; 

a _ ma 
''' b"^' 

i.e. if the numerator and denominator of a fraction be mul- 
tiplied by the same quantity, its value remains unaltered. 

Cor. Hence also since — *- •= ? • if the numerator and de- 

mo o 

nominator of a fraction be divided by the same quantity^ 

its value remains - unaltered. 

Examples. Thus — x 3 = 5ar, 

o 

JH ^JO \} JO 



and 



2^ 4ii/ 6y ' 

l6a?_ 8a? _4a? 
28^"l4y""7^ 



33. To reduce fractions having different denominators 
to others having a common denominator, ^^ Multiply each 
numerator into all the denominators except its own, for. 
new numerators, and all the denominators together for a 
new denominator." 

The principle of the rule is this: ^^if we multiply the 
numerator and denominator of a fraction by the same quan- 
tity, the value of the fraction remains unaltered:" a pro- 
position we have just proved, and instead of following the 
strict letter o£ the rule, we wiW use XK\s ignxtfiv^l^ vci the 
following examples. 
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(Ex. 1.) Reduce — and — to fractions having a com- 



men denominator. 



5 5 "^ 11 55' 



^x ^tx 5 _ S5x 
TT " IT "^ 5 ~~ ~55' 



And --— , — — are the fractions required. . 
55 55 

/ 
(Ex. 2.) Reduce t and -—7 to fractions having a 

common denominator. 

a a a- h a^ — ah 

X 



a + b a^b a-b a*-b* ' 

h b a -^ b ^a' -^ ab 

a-b " a-b ^ oTb " d^t?' 



-'• ""a — rr *"d —5 — Tj are the fractions required. 

(Ex. 3.) Let - TTT > -=■ and —r- be the fractions. 
^ ^ 36 7 8 

2a_ 2a 7x 8 _ 112<z 

36 "" 36 ^ 7x8 "" 1686 ' 

• 

4a_4a 3 6 x 8 _ 96fl6 
T~y "^ 46ir8~ 1686' 

5a 5a 36x7_105a6 
T" T"^ 36x7"* 1686 '* 

112a 96a6 , 105a6 ^. r .- • 1 

*** TfiftA^ ifiQA ^"" ifiQj ^® "^^ fractions required. 

Sx 7 jj S J? 

(Ex.4.) Reduce -^, — and —r , to equivalent fractions 

having the same denominator. 
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As it is always better to have the fractions in the lowest 
. terms^ we will multiply each fraction by such numbers as 
will make the denominator the least common denominator. 

We see that 10 is a multiple of 5, and 3 x 10 or 30 
contains all the denominators. If then we multiply the nu- 
merator and denominator of the first fraction by 10^ of the 
second by 6, and of the third by S, each will have the 
same denominator. 

p 5x 10_50jr 'Ix 6_42x Sx _Qx^ , 50x 

^"^ 'S^'IO^'SO' T^'e'SO"'' 10 "30' ^^"30' 

-^;r- and -— are the fractions required. 

SO 30 

(Ex. 5.) Let y and j- be the fractions: 

a-^-b a-^b a + b _ a* + ^ab + 6* 
a — b~ a — b a + b~ a'—b' * 

a — b a — b a-b a' — 2ab + b' 
a + b a + b a-b a^-b^ ^ 

'U? — ^^ — ^ — J^ — ^^^ ^® equivalent 

fractions. 

34. Every integral quantity as a may be reduced to 
the form of a fraction by placing unity under it 

Thus - = a. 

And it may be made to have any denominator as 6 by 
multiplying both a and 1 by b. 

Thus T = -7-- Since -7- = o. 
16 6 

3J, Hence to reduce a mixed qvxcmXAX,^ \a ^ Cx^fiidori^ 
multiply the integral quantity by the detiom\Ti«X«t oft ^^ 



N 

V 
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firaction^ and add to this product the numerator of the 
firaction^ placing the denominator under both for a common 
denominator. 

(Ex. 1.) fl + — = 



(Ex. 2.) 3x4 



a a 
5x-2 21x + 5x-2 2^ar~2 



(Ex. 3.) a + 6 + — ,- = J = > . 

^ ' a — b a- b a-b 

36. So conversely to reduce a fraction to a quantity 
which is partly integral and partly fractional, we must ob- 
serve what terms of the numerator are divisible by the de- 
nominator^ and these divided will give the integral part; 
the remaining terms of the numerator with the denominator 
written under them will be the fractional part. 

i'T- .X ^or'-Sx + S 4ar'-8a: 3 ^3 

(Ex. 4.) = — + -— =a:-2 + -r-« 

' 4x 4ar 4a: 4x 

iTT, .. 2o' + 6a'6 4-36* 2a^+6fl*& 3h' ^, 3// 

(^^•^•5 — ^ =-^^^^2^«=^^^^'^2;r- 

(Ex.6.) «-.6 + ^=«^^^^-^^' 



(Ex. 7.) « + 



c c 

ah a^ 



a — b a — b' 



(Ex.8.) 12^!lli^J^±i£' = 2.-3.v + ^. 

(Ex.9.) ?5lz^4±i^ = 2« + -^,. 
^ ^ a—b a—b 

us 8 

(Ex. 10.) a' + ab-^b'+ ^ 



a — b a — b' 

m 

37. To find the sum and difference of two algebraic 
fractions. 

Let 7- and j be the fraclvoxi^. 
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Then let ?- = x and t=^; 

.*. a = bx and c^dy ; 
.*• ad. = bdx and cb = bdy; 
,\ ad^cb-bdx^bdy = bd.(x^y); 

ad^cb 



.'. a; =t y = 



6rf 



"Whence this rule " Reduce the fractions to others having 
the same denominator^ and take the sum or difference of 
the new numerators. 



Qx 
(Ex. 1.) Find the sum of^ and difference between^ — and 



If 
11' 



•.• their equivalent fractions are ---r- and — — : 
^ 55 55 

134>x ,.^ 6407 

sum = — —— : difference = 



. . 



55 55 



a 



and 



(Ex. 2.) Find the sum of and difference between r 

^ ' a + 6 

b 
a — b' 

^. a a' — ab , b ab + b' • 

a'-hb^ j./r d^-SLab-b^ 
.*. sum = -5 — 7^: difference = , ,» — . , 

(Ex. 3.) Find the difference between y and -— r : 

^ ' a-b a-^-b 

a + b a-b {a!' + ^ab-^b^)''{a^-9.ab + b') 4>ab 
a — ba + b" a' — b^ "a^—b^' 

38. To find the product of two or more fractions^ 
Multiply the numerators together for a new numerator^ 
and the denominators together for a new d«Loi!QMwaXot\'' to 
prove thi& 



c< 
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If J- and -1 be two fractions^ 

let T = ^ and ^=^« 

Then a = bx and c^dy ; 
.'. ac = bd .x .y or dividing by bd, 

ac a c * 

-which proves the truth of the rule just enunciated. 

Ex. Find the product of -t- and -j . 

Product = Jl±miz3..^ ^'-^-' 
rroauCT (« + 26) (a + 36) a'+ 5ab + 66^ * 

39. To find the quotient of one fraction by another^ 
** Invert the divisor and proceed as in multiplication." 

For if J = 0? and -z —y ; 

and .'. a-bx and c^dy ; 

.*. ad=^ bdx and cb = bdy ; 

bdx ad 
bdy cb' 

bdx _x ^a c 
bdy" y~ h ' d' 

a c ad a d 
which is the rule. 



But 



" b • d" bc'l^'c' 



(Ex. 1.) Find the quotient of ^ by ||, 
7>_^£5_7£ 10 _70g _ VA^ 
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a , a' 



(Ex. 2.) Divide t by r; 



a a' a a- b I a — h a — b 



= T X — ;— = V X 



b ' a — b b a* b a ab 



(Ex. 3.) Divide f by J, • 



(Ex. 4.) Divide - by tj 

1.11 b _b 
a b a \ a 

The Examples 3 and 4 are important^ and are con- 
stantly illustrated in Arithmetic^ and will be useful here- 
after. 

2 1 . 2 3 

Thus, divide ^ by - : quotient = - x - = 2. 

o o 3 1 

Divide 5 ^7 "5 • ''esult ^® o ^ T = • 



40. The following are simple examples in subtraction 
and addition. 

(Ex. 1.) Add 26^ to ^: Ans. -j^j^^- • 

(Ex. 2.) Add ^ to ^: Ahs. lf£f±3*:f. 

^ ^ b ^g Zbg 

T 

(Ex. 3.) Add ^^ to ^: Ana. ^^^^^ 

(Bx. 4.) Add —-, -— and -^ \ Ax«. -?7rr • 
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CEx. 5.) Add to -: Ans. -5 — 2. 

jj m — J? 

(Ex. 6.) Prom take -: Ans. -^ — 7;. 

jp — 2 X — 3 or— ox + o 

(Ex. 7«) From ; — take — , --: 

^ ' ^ 12fl6 , 13fl6 + 2c 

Ans. 



156a'6" + 24fl^ic* 



(Ex. 8.) From |^— ^ ^^® 



So: + 2 5a? + 4 

20?*+ lOx + 6 



Ans. - 



15a:* + 22a: + 8 



(Ex. 9.) Add -, and -: 

A a:°+10a:' + 23a: + 12 
a:^+6a:*+ lla: + 6 

(Ex. 10.) Add r-^, — ^ and t^^: 
^ ' 2x + l' 3x + 2 4a: + 3 

. 80:4-5 

Ans. 



24j?* + 46a:'+29a: + 6' 



41. The following are examples in multiplication and 
division. 

.p ,^ 5a: 6a:_30a:*_6a:» 
(l^x. 1.^ _x — --^^_— . 

/-CI ^N 2a: + 1 2a:- 1 4.t*-1 
(Ex. 2.) — r — X — - — = _— — . 
^ ^ 3 7 21 

(Ex. 3.) — r-x-r— 1=^7— r- 
a — tf— o 

•17 .# A ^o:'-! 2a:+l 4x'+4a:-fl * 
(xijr. 4.y — - — X 



8 2a: -1 » 
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(Ex.6.) -6-- -=35- 

+ 6 a — b (f + Zab + b* 
a-b ' a + b~ a^-2ab-^b^' 



(Ex. 8.) 



(Ex. 9.) — ^ 4— g- = fl. 

(Ex. 10.) -+-^--- = _ . 

^ a b a b b-a 

/T7^ ,,N 17-46c . 8 17-46c 

(Ex.12.) (flr + 6 + — j-r ra + 6 + ^j =-. 

42. We shall now give a few examples of the Reduc- 
tion of Fractions, in which the foregoing rules will be fur- 
ther illustrated: and afterwards add some examples for 
practice. 

(Ex. 1.) Find the value of -= — t-« + 1 f* 

^ ^ o*--6* a + b a-b 

F* f 1 1 a — b a + b ^ —2b 

**^®^ ^Tlb'"^^^^^^b'^'i^^:r^^'^^^* 

2fl 1 1 _ 2fl 26 _ 2(^-6) ^ 2 

••• a8-6^"^o + 6 a-b^(f-b' a^'-b'^ a^-b^ a + b' 

For a^ - 6? = (a - 6) (a + 6) and the numerator and deno- 
minator are both divisible by a -6. 
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(Ex. 2.) Find the value of 7 g t-- 

Since 60 is divisible by 4, 5^ and 6, if we multiply 
the numerator and denominator of the first fraction by 15^ 
of the second by 10^ and of the third by 12, each will 
have 60 for its deqpminator, and we have 

195a-75b 70a-Q0b 36a I95a-75b-(70a-20b)''36a 
60 ""60 60 - 60 

195a - 106a ''75b -^ 20b 89a - 55b 
60 "" 60 ' 

(Ex. 3.) Find the value of + 7; r^ - jz rg . 

^ 1 ~ a? (I - a:)* (1 - xy 

Multiply both terms of the first fraction by (1 -xy, and 
of the second by 1 — j:, we shall then have 

x(l - J?y+3?'(I '-x)-x^ _ x-Qx^+a^+x'-x^-af^ x-x'-af^ 
(l-xy (Tl'i)^ (l-a:)« • 

(Ex. 4.) Multiply a by - + - . 





«« 




a 


a 




a 


X 




— 


+ - 




X 


a 




a' 






— 


— X 




X 




a^ 




+ X " 


"a* 



a* ^ a:* _ a* - a? 



,4 



« o* 0*0: 



i*or - -- X - =, s= -« and a x - = x. 

^ X ax a 



44 ALGEBRAIC FRACTIONS. 



(Ex. 5.) Multiply a^ + 2 + ^ hv x-^^. 

JT ' X 



x^ + Q-^ 


1 


• 


1 

x + - 

X 






07^+20?+- 
X 




+ X 


2 

+ - + 

X 


1 

or* 






(Ex. 6.) Divide r + t by r r • 

a b a^ + ab ab-¥ d*-^2ab-b' 



a b a'-\-ab ab — b^^a' + b' 



9> 



.-. quotient = 5 — 75 — x -5 — ^ = 5 — ^5 . 

(Ex. 7.) — -— X 7 = Sfl (a - 6). 

^ ' 5 a + 6 ^ ^ 

(Ex. 8.) -^ + -^ = a. 

/T? /^\ Sa-46 2a-^-c 15a-4c 85a-206 
(Ex.9.) —^ ^ +-__ = ___ 

(Ex.10.) « + *+£ + £=f!£±^!£±£!^±£!^. 

' a c a abc 

abc ahc 
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(Ex. 12.) + = -, - -j. 

,^ ,-^ a* + 6* a 6 2/1 

C 12iX. 1 3. 1 -= — -Ti + r + i = , • 

^ ' a*-6* a + 6 a-6 a-^b 

(Ex. 14.) 

(Ex. 15.) — J- + + -r — = 0. 

^ ^ ab ac be 

1 4 n ^ 



(Ex. 17.) 



2(jp+l) a: + 2 2(x + 3) or' + bV + llx + 6* 

_ • ^^^ 

or' + fl' ' « + a "" x' — aoj + a** 



(Ex. 18.) -5—) U T X 7 = 1. 

^ ^ ar—{a — b)x — ab x — b 

(Ex.19.) (-+-j(-+_)=^^4 + -,. 

(Ex.20.) (p + 3j + 3-+^j^(5-^-)=:5,-.2-f-.. 



SECTION II. 



GREATEST COMMON MEASURE. 



43. When a number divides each of two other num- 
bers without leaving a remainder^ it is said to be a common 
measure of the two^ and to be the greatest when no num- 
ber greater than itself is contained in both of the numbers. 

Thus of the numbers SG and 48^ 4 is said to be a com- 
mon .measure^ but 12 is the greatest common measure^ since 
no number greater than 12 will divide \>o\iv ^^ «xA fti&* 
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44. And as numbers^ so algebraical terms and expres* 
sions may have greatest common measures ; and the method 
by which these are found differs but little from that which 
is used in finding the greatest common measure of numbers. 

When both of the algebraical quantities are simple terms, 
the greatest common measure is easily discovered. 

Thus if 6a*bc and 2a(fd be two algebraic terms^ we 
see that ^ac will divide both^ and as no other combina- 
tion of letters will, therefore Qac is the greatest divisor. 
And again, to find the greatest common measure of 32 a^bc 
and 56 c^b'd: we first observe that 8 and 8 only will di- 
vide the numerical coefficients^ and then that a' and b are 
found in both terms : hence the greatest common measure 
is 8a'b. 

45. The chief object we have in finding the greatest 
common measure is to reduce fractions to their lowest terms. 
In the following simple examples we strike out the numeri- 
cal and literal factors which are obviously common to both 
numerator and denominator, and the fraction is reduced 
without noticing the value of the greatest common divisor. 

6(fbc 2a'bc 2a 



Thus, 



gabc" Sab(f 3c ' 



. . naoc' 3 , gab' 3b 

5ax' ^ax , 32ax^^ ^2xy' 
3^bi'W \Mxz "TT' 

13a'b''x^ " ax' ^ SSa'xf'yz " 7 ax ' 

15a*c"-25a^ 3ac'-'5a!^ , fljp + ar" a + x 

, and 



Sa'^bc-hSSa^b' 6c + lla»6*' 3bx-cx 3b- c' 

14aj-7a6_7a i 12a'x'-h2ax^ _ 2aa^ 
iOac-Sbc" 5c' ^^ 18a6«a? + S6^a?»~ S6« ' 

5a^-^ 5ax _ 5a , g' — a* a' + flx-f-g* 

a'— a' ""« + *' (,0 — ay"* a— « 
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46. We shall now investigate the truth of the rula 
which is given in all books of arithmetic^ for finding the 
greatest common measure of two nun^bers a and 6. 

And to do so we must prove the two following propo« 
ntioiis: 

(1) If any number as x measures a it will measure any 
multiple of a: for i£ a = nx, therefore ma -mux, or if or 
be contained in a, n times^ it is contained in 7na, mn times. 

(2) If X measure both a and h it will measure a^h. 

For if a = mo; and h = nx, a^h^ mx * wo: = (m ± w) . x, 
i. e. X is contained in a * 6, 7/i «*= n times. 

These being premised, let ^ be < a ; divide a by 6 and 
let the quotient be p and the remainder c; again divide b 
by c, and let the quotient be q and the remainder d, then 
divide c by d, let the quotient be r, and let there be no 
remainder. This process may be thus exhibited. 

b) a(jp 
pb 

d) c(r 
dr 



Then by the principle of division, 

a =pb-^c, 
b^qc-hdj 
c = rd. 

Whence we see that d, the last divisor, measures c, there- 
fore qc, and therefore qc + d, i. e. b, therefore pb and pb + c, 
or a, hence d measures both a and b. Also d is the great- 
est commoii measure: for let D be the ^eaio^^ 
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Then D measures a and h, and therefore a and pb^ and 
therefore a—pb or c, therefore qc, and therefore 6 — qc, or c^ 
therefore the greatest common measure of a and b measure 
d: but d measures a and b, therefore d Is that greatest 
common measure or D = d: for no number greater thaA itself 
can divide d. 

47* Again^ to find the greatest common measure of 
three numbers, a, b, c. 

Let D be the greatest common measure of a and b^ 
and E of JD and c. 

Then JS is o£ a, b, c. 

For every common measure of a and b measures D, 
therefore E measures a and b, and it is the greatest that 
measures D and c, therefore it is the greatest which mea« 
sures a, b, c. 

48. And finally, to reduce fractions to their lowest terms, 
we must divide the numerator and denominator by their 
greatest common measure, and the fraction will be in its 
lowest terms. 

For let a and b be the numerator and denominator of a 
fraction and let JD be their greatest common measure: 

and let a = pD and b = qD ; 

a _P'D _^p 
b q.D " q ' 

and p and q have no common measure, therefore ^ is the 

fraction, -r in its lowest terms: this article applies both to 
numbers and to algebraical quantitiea. 



\ 
\ 
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EXAMPLES. 

49. Find tbe greatest common measure of 365 and 320. 

320; 365 {J 
320 



45) 320 {1 
315 

5) 45 (,9 
45 



.•. 5 IS the greatest common measure. 

Find the greatest common measure of 114^ 102 and 822. 

102J 114(^1 



102 



12) 102 (^8 
96 



6) 12 (2 
12 



and 6 is the greatest common measure of 102 and 114. 

6) 822 
137 



/. 6 is the greatest common measure of 102, 114 and 822. 

_. ^ , 483 1020 7631 J 8398 , ^, . , 
Exs. Reduce --^-, 7— ;^, ' ,,^ and ^^j" ^ to their low- 

568 1596' 26415 29393 

est terms. 

. 21 85 13 2 
'• 25^' 153' 45** Y 
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50. Next to find the greatest common measure of two 
algebraical expressions. 

Let A and B be two algebraical quantities arranged ac« 
cording to the powers of some one letter beginning with . 
the highest^ and suppose the highest power in B not to ex* 
ceed the highest power in A, 

Make B the divisor, P the quotient, and Cc the re- 
mainder, where C is a compound term and c a simple factor^ 
obviously not contained in B. 

Again, make B the dividend and C the divisor, Q the 
quotient and Dd the remainder, where J) is a compound 
quantity, and d a simple factor, not contained in C. 

Lastly, let C be the dividend, D the divisor, R the quo- 
tient, and suppose that there is no remainder, then D will 
be the greatest common measure required. The work may 
be written down thus: 

B) A (J> 

PB 



Cc 



CJ B iji 
QC 

Dd 



B) C (Ji 
RD 







We see that 

C^RD, 

B = QC^Bd, 
A^PB+Cc; 

Hence D will measure C; .: QC; .'. QC + Dd, and .*. B; 
.•• PB, and .•. PB + Cc or A, L e, D is & factor of A and 
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B ; alao 'the greatest common measure of A and B will mea- 
sure A and B, and .-. A -PB or Cc; /. B- QC or Drf, 
and .*. D; .\ D must be the greatest common measure. 

51. The following example will illustrate the process. 
Find the greatest common divisor of a*-5a6 + 46*, and 

(Ex.1.) Hereil = fl'-a'6 + 3fl6*-Sft*;5 = a'-5flft + 46»; 

a^-5a'b + 4iab' 



4,a'b-ab^- Sb"" 
4:a'b'20ab'+i6b^ 

19ab'-l9b''=Cc. 

But 19fl6'-196*=196"(a-6) and as neither 19 nor b' 
will divide either A or B, a-b will be the common mea^ 
sure if there be one ; now divide B by a — b: 

a^b)a^- Sab + 4ft' (a - 46 
a'-ab 



4a6 + 46' 
4a6 + 4ft' 



and .*. a — ft is the greatest common measure sought. 

52. In the application of the rule just given it is fre- 
quently .found convenient to multiply one of the terms A 
or JB by a number which is" not a factor of the other: 
this however will not produce any effect upon the greatest 
common divisor: For if D be the greatest common divisor 

3—2 
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of A and B, so that A=pD and B^qD, and if £ be 
multiplied by n whence nB=nqD; D is still the greatest 
common measure of A and nB, so long as n is not a factor 
of ^. 

(Ex. 2.) Find the greatest common measure of 7«* — 23ab 
+ 6b% and Sa^'-lSa'b + Uab' -'6b\ 

The former term is obviously the divisor^ and the first 

5a 
term of the quotient would be — ; to avoid therefore this 

fraction we shall multiply the dividend by 7, thus 

7 



7a* - 23ab + 6b') 35a* - 12&a'b + 77a6' - 426» {5a 



Multiply by 7^ 7 



- 77a' b + 329a6' - 2946» (j- 1 1 & 
-77a*A + 253a6'- 66^3 

76a6«-2286* 
or 766" (a -36). 



and as neither 76 nor b' are divisors of the quantities^ we 
try a- 3b, 

a ^ 3b) 7 a'- 23ab + 66" (J a -2b 
7a"~21a6 



-2fl6 + 66» 
-2a6 + 66" 
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53. When a simple term divides either the numerator 
or the denominator of a fraction, it may be omitted in the 
process: but when it divides both, it must be reckoned 
part of the common measure although it be left out when 
the division is performed. 

(Ex.3.) Find the greatest common measure of 
15a'+10a*& + 4a'6' + 6a'A^-3fl6* 

Here a is a common factor of the upper, and 2b' of the 
lower line; omitting them, the quantities become, being ar« 
ranged as divisor and dividend, 

6fl*+19a'6+8fl6'-56Vl5a*+ 100*6+ 4a»6'+6fl6«-36* 

2 



30a*+ 20a»A + 8a'b'+ 12a6"-66\5a 
30a*+95a'6+40a*6'-25fl6» 

-75a'6- 32a»6V37a 6"-66* 
2 

-150a*6-64a"6»+74a6*-126V25^ 
- 1 50 a»6-475 a'6»-200 a6"+ 125 6* 

411a»6»+274fl6»-lS76* 



or, 137b'(3a'+2ab-b'). 

3a''\-2ab-'b'J6a''+19a'b + 8ab'^5b\2a + 5b 

6a* + 4a*6-2a6' 



15(^b + 10ab'-5b'' 
15«'6 + 10a6«-56» 



•. Sa'-h 2ab-b* is the greatest common xxie&^xn^ T^n^\«^ 
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(Ex. 4.) Find the same for the quantities 2J!*-f 3^+ar 
and 0?' — jr"--2a:. 

Here x divides both quantities and we therefore find the 
common measure of 2 a?^ + So? + 1, and o?^ — j? — 2 which by 
the preceding method is^ a; + 1^ and therefore the complete 
common measure is x^ + x. 

THE LEAST COMMON MULTIPLE OF TWO QUANTITIES. ' 

54. A common multiple of two numbers is that num- 
ber which is divided by both; and the least common mul« 
tiple that least number which is so divisible. 

Thus 48 is a common multiple of 8 and 12, for both 8 
and 12 will measure 48, and 24 is the least common mul- 
tiple, since there is no number less than it> which is diw 
visible both by 8 and 12 : and the quotients arising from 
the division of 24 by 8 and 12 are 3 and 2, which have no 
common divisor except unity. 

• 

55. But to find the least common multiple of any two 
quantities a and h\ let D be their greatest common measure, 
and let'a=pX) and b = qD where p and q have no com- 
mon divisor. 

Then since pqD=pD x q or qD x p, 

i. e. = fl X g or 6 X jp ; 

therefore pqD is divisible by a and b respectively, and 
the quotients q and p which arise from these divisions, have 
no common divisor; therefore pqD is the least common 
multiple of a and b. 

But pqD= ^ j^^ ^"W 

or the least common multiple of two quantities is equal to 
the product of the quantities, divided by their greatest com- 
Tion measure. 



I 
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56. Next to find the least common multiple of three 
quantities a, b, c. 

Let m be the least common multiple of a and b, and 
M that of m and c ; then M will be the least common mul- 
tiple required. For since m and therefore a and b measure 
M, and M is the least multiple of m and c, it is the least 
quantity which can be measured by a, b, and c. In the 
same manner may the least common multiple of a greater 
number of quantities be found. 

(Ex. 1.) Find the least common multiple of 24 and 1 6. 

Here 8 is the greatest common measufe =D; 

24x16 _ _^ .Q 
.'. m = — = 3 X lo = 48. 

o 

(Ex, 2.) Find M, for 12, 18 and 20, 

D for 12 and 18 is 6; 

12x18 ^ ,^ „^ 

.-. m = ^ =2x18 = 36, 

o 

and D for 36 and 20 is 4; 

... j^= 5^4^=9x20 = 180; 

4 

.% 180 is the least multiple of 12, 18, and 20. 

EXAMPLES. 

(1) The greatest common measure of x^'+^x-S and 
^-\- 5a? + 6 is a: + 3. 

(2) Of a:*- 8a: + 15 and a:' + 2a: -15 is x-3. 

(3) Of a' — 2aa: + a:' and o? — o^ is a — x, 

(4) Of a^+a^ and a' + 2fla: + a:' is a + o:. 

(5) Of a:^-2a:' and a:"-4a: + 4 is a;-2. 

(6) Of a:^- 60:* +110: + 6 and «« + 4a!« + «-6 iff 
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(7) Of Sar'-22a? + 32 and ««- lla:*+ 32^-28 is a? -2, 

(8) Of ar'-(a — 6)a? — «6 and a:*- (fl + 6)a: + o6 is a? — a. 

(9) Of a:^-9««4-29a?*-39J? + 18 and 4a;«- 27 a:* +58 or 
-39 is a?-3. 

(10) Of a?*~a^ and a^^+fia^^-o^or-o'^ is a?«-a«. 

(11) Of 3a;»- 38a? +119 apd ir«-19a:'+119a?-245 is 

a: — 7« 

(12) Of ar^ + a:'^ + o:^ + ^' and x^—y^ is 0?* + ^. 

(13) Of a;« + a:^/ + a:*^+/ and a:*-^ is ar'+Z- 

(14) Of 9':c^+53a;«- 9a?- 18 and a:*+lla: + 30 is a: + 6. 

(15) Of 2a?^ + a:»-8a: + 5 and 7a:*-12a? + 5 is a?-l. 

(16) Of 2a:*-4ar'+8a:*-12ar + 6 and ^x'^-Zx^'-Qte 
•^^x-^ is (a:-l)'. 

(17) Of 20a:*+a?»-l and 25a:*4-5a?*-a?- 1 is 5a:'-l. 

(18) Of «c + 6{;? + a J + 6c and a/+ 2fta: + 2aa; + 6/is a + 6. 

(19) Of a"+6*+c' + 2aft + 2ac + 26c and a^-h^'-d^ 
2ftc is a + 6 + c. • 

(20) Of a?«-(2a + 6)a?*+(2a6 + a^)a?-a'6 and 3a:» 
-(4a + 26)a: + 2a6 + a* is x~a, 

(21) Of 3a* - fl»6' - 26* and 10a* + 15a'6 - 10a»6»- Uah^ 
is a"-6». 

(22) Of a?*-aa:' + (6-l)a:* + aa?-6 anda?*-6a;^ + (a-l)a:" 
^hx- a is a:'— 1. 

(23) The least common multiple of 2 a, 4a* and 3a 6 is 
12a»6, 

(24) Of 8 a", 120* and 20 a* is 120 a*. 
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(25) Of a + jy, a" -or", and {a-x)* is a"-a»a?-aar« + j:». 
(^^ ^j^f^^Za 'educed to its lowest terms = ^^ . 

XT 4- DX + 0? + 2 



(27) 



(28) 



(29) 



(30) 



(31) 



(32) 



(33) 



(34) 



J!* - 9x + 20 x-4i 
«* + 6* — 55 ~ «+ 11 ' 

9x' + 53a^-9x-18 _ 9j;'-a;-3 
«* + 1 1 X + SO x + 5 * 

6ac + 106c + 9ad+ \5bd Sa + 5h 
6c' + gcd-Zc-3d 3c-l * 

2a;' + 8x+l _ 2j+ 1 

««» "~ X "^ SS ttT "^ /6 

a"-3a6 + a{J + 26'~2V _ a-26 
a'— 6'+26c-c' ~"a + 6-c' 

or® + a:y + oi^y +y _ ** + .y 
x^—y*" ""a:*— ^* 

^a^-'Xy +Sy^ ~~4iX + Sy* 



9ac + 2a*-5a6 + 4jc"+ 86c- 126' a -46 + 4c' 



SECTION III. 

INVOLUTION AND EVOLUTION. 



INVOLUTION. 

57* Involution is the finding of powers of a number 
or quantity^ or is the method by whicif the square^ cube> 
fourth power^ &c. of any quantity is to be found. 

o— 5 
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We have already seen that the power of any simple 
term is expressed by writing the number of the power 
above it^ which number is called the index: thus 

a", d^, a*, a* a" respectively express the second^ thirds 

fourth^ fifth, and n^ powers of a. 

And to find the cube of a' we write (a^)^ 

but {ay ^a^^a^y.a^^a^^ a^""^ ; 

i.e. we multiply the index 2 by S. 

So to find the m^ power of a" we write (a**)". 

But (a"*)" - a"^ X a"^ X oT" X a"* to n terms, 

=:^"»+"»+"» + &c. to n terms. 

Hence we have this rule, to find the n^ power of any 
quantity we must multiply the index of that quantity by n. 

Hence, 

the square of a'° = {a}y = a"**, 

the fourth power of a«6« = (a'by = a«A", 
the cube of 3fl'6 V = 27a''&"c^. 

58. Hence may we find the simplest form of such an 
expression as {(a"*)"}''- 

For (a*")" = a^" ; .-. {(a"*)"}' = {dry = a-"'' ; 

or in examples of this description the new indeX' is equal 
to the product of the separate indices. 

(Ex. 1.) {{ayY = fl"'*''** = a"*. 

.ajLav 8 "i 8 



(Ex.2.) {(-^)} =-^. 



59. When the quantity to be involved is negative, the 
'sult will be negative when the index is an odd number^ 
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and positive when it is even. For the product of an odd 
number of negative quantities is negative; but of an even 
number it is positive. 

Thus (- ay =^a' but (- a)' = (- a)' x (- a)' = a*. 

And {(-aOT = (-a7 = fl^% 

but {(- (fyy = (- a J = - a^. 

60. Next to find the powers of a binomial. 

(1) (a + 6)» = (a + ft)x(a + 6) = a» + 2flft + 6^ 

by which we see that^ the square of any two terms is equal 
to the sum of the squares of the two terms together with 
twice the product of the two terms. 

Thus if fl = 7 and 6 = 6 or a + 6 = IS. 

Then 

(a-hby or (13y=^7*+2x7x6 + 6' = 49 + 84 + 36 = l69. 

And by this formula may the squares of numbers often 
be found in a very convenient manner: thus if it be 
required to find the square of 79, which may be written 
70 + 9: then 

(70 + 9)' = 70" + 2 X 70 X 9 + 9« = 4900+ 1260 + 81 = 6241. 

Also since (a + l)^ = a* + 2« + 1 ; we may, having given 
the square of one number as a, find that of the next suc- 
ceeding or a + 1, by adding 2fl+l to a', and so we may 
form a table of squares. 

Then as 10* = 100; 

.-. (10+1)' = 100 + 2 . 10 + 1 = 121, 

(11 + 1)» = 121 + 2 X 11 + 1 = 144, 

(12+1)'= 144 + 2 X 12 + 1 = 169, 
(13 + 1)' = 169 + 2 X 13 + 1 = 196 ; 

and we may readily either by multiplication or by the rule 
just enunciated, prove that; 
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(2^ + SyY = 4a:^ + 12a?^ + Qy', 

Also (a - 6)* = (a - 6) (a- ft) = o* - 2 a6 + 6* or the square 
of the difference of two terms equals the sum of the squares 
of the two terms dimmlshed by twice* their product; 

.-. (2a-56)' = 4fl"-20a6 + 256'; 
.-. (6ar- Tyy = S6a?'»- 24arj^ + 49/, 

61. Hence also may we find the square of a binomial 
a + 6 + c^ for considering &+ c as one quantity we have by 
the rule, placing a vinculum ovep 6 + c, 



(a + 6 + c)' = fl' + 2a(A + c)+;(ft + c)» 

= fl' + 2a& + 2ac + 6'+26c + c^ 
= fl' + 6* + c' + 2fl6 + 2ac + 26c. 

To take a numerical example of this formula. Let the 
square of 432 be required: 

the number must be written 400 + 30 + 2, 
and here a = 400, & = 30, and = 2; 

/. (432)' = (400)' + (30)» + 2'' + 2 X 400 X SO + 2 X 400 ^ 2 + 2 
X 30 X 2 = 160000 + 900 + 4 + 24000 + 1600 + 120 = 186624, 
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61 



62. So also as a + b + c + d may be written a + b-^b + c ; 

but (a-hby = a' + 2ab+^b\ 

^(a + b)(c + d)-2ac + 2ad + 2bc + 2bd, 

(c + (f)* = c' + 2crf + rf*; 

.'. (a + i+c + d)* = a* + 6* + c* + rf*+2fl6+2flc + 2flJ+26c 

-{■2bd + 2cd; 

or the square of the sum ^of four quantities a, b, c, d, is 
equal to the sum of the squares of the four quantities + the 
product of 2a, into all the letters that follow a, + the pro- 
duct of 26 into the letters that follow 6^ + 2c into d. It 
is however better for the beginner to verify the last two re- 
sults by the actual multiplication of a-\-b + c into a + b-\-c ; 
and of a-hb-^-c-hd into a+b ■hc-\-d. 

63. The cube of (a + b) or (a + by may be found by 
multiplying (a + b) into itself twice. 

(a + 6/ = (fl+ 6) . (a 4 6) . (a + 6) = (a' + 2aft + b')(a'^b) 

^a^-^3a'b + 3ab'-hb\ 

And (a-.6y = a'*-3fl'6 + 3a6'-6^ 

The student should render himself familiar with these 
equivalent expressions for (a + by, and (a — by, 

64. Ordinary multiplication will lead to the following 
Jesuits; namely^ 

(a + &)* = fl* + 4a'*6 + 6a'ft' + 4fl6' + ft^ 



/ 
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65. As additional examples of involution, prove that 
(2a: + 1)' = 80?** +120:* + 6a: +1. 

(2o:« - Syy = 8o!« - SGx^ + ^^^y"^ - 27/. 

(2a + 36)^=l6a* + 96a*6 + 2l6a'6' + 2l6a6*+81&* 

(5 - 4o:)* = 625 - 2OOO0: + 2400o:» - 1280or» + 256^. 

(3flc-26£i)*=243a'c*-810aV^£i + 1080aV6»(P-720aVi»cP 

+ 240ac6M*-326*(f*. 

EVOLUTION. 

66. Evolution means the extraction of roots ; and is con- 
sequently the inverse of Involution. 

The^rules which it gives for finding the square, cube or 
n^ roots of any quantity as a, are derived from the methods 
by which the second, third, &c. powers of a are obtained. 

Thus •.• a X a = a' ; .•. a is the square root of a*. 

And *.' a X a X a = a' ; .*. a is the cube root of a^ 

And ••• a' X a' = a* ; .•. a' is the square root of a\ 

•.• fl*xa*xa*=a"; .•. a* is the cube root of a". 

And thus we see, that to find the square root {^ any 
power of a we must divide the index of a by 2, to find the 
cube root of any power, the index must be divided by S, 
and so on: and to find the n^ root we must divide the 
index by n : for to shew the truth of this last assertion : 

•.• a* X a"* X a** X ,. .to n terms = a*" ; 



mn 



Ex. Thus J^TF? = 2a'6c, 



4^7^'=3a«6, 



7 
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&]. Had we then to find the square root of the simple 
power of a, since a =■ a^, we should have by the application 

of the for^^oing rule^ the square root of a represented by a^> 

in the same manner !^, might be written ai, and the fourth 

root (^ Oy «*. 

So also the cube root of a'^ may be put (fi, 
and the fourth root of a' may be written cr' 

These remarks are very important^ and will if fully un- 
derstood be exceedingly useful hereafter. 

68. But it may be said that since the definition of a 
square root^ as of a, implies that it is a quantity which 
multiplied by itself should produce a ; how can we say that 

a' X fl* = a ? 

We have already seen that when m and n are integers 
a"* X a" may be written «"•+", or that the index of the pro- 
duct of the powers of the same quantity is found by adding 
together the Indices of the factors. 

Let us assume this rule to be true^ when m and n are 
not integers but fractions^ and see whether the result we ar- 
rive at through this assumption^ be true or false. 

To do so let us take the instance before us. 

Now if a^ truly represent Ja; .-. a^ x a' should equal a. 

But by ihe rule of indices o* x a^ = a^"'"^ = a* = a; 
.'. the rule of indices is in this case correct; 

and at the same time we see that ,Ja may be truly written a^. 
And similarly since by the same rule of indices^ 

1118 

a3xaixi;^ = a8asa; 
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and that by the definition of a cube root, 

ijax sfax \/a = a; 
.*. \fa and as may each represent the cube root of a. 

And hence the third root of a^ and the fifth root of a' may 
be written a^ and as respectively. 

And hence also, whenever we meet with a quantity as 
a having a fractional index, we must remember that the 
numerator of the fraction expresses the power to which the 
quantity is to be raised, and the denominator the root which 
is to be extracted. 

Thus A" is to be understood as meaning the n^ root 
of the w*^ power of a. 

69. It will greatly aid our full comprehension of these 
things if we compute some numerical expressions. 

Thus, (4)1 = (42y = (V4y = 2^ = 8, 
and (8)3 = (8^y = {^8)' = 2'^ 32, 
(32)5 = (325)* := (4/32)4 = 2* - 16. 
Also, (27)^=19683: and (625)^ = 3125. 

70. These remarks upon indices may make this a fit 
place to explain the meaning of such a term as ir**, i. e. 
a quantity with a negative index. 

In fact ar^ is another method of writing —5^: and this 
being so we ought to have a"* x or** = I. 

But if the law of indices be universally true 
and therefore a^ ought to be equal to 1. 
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Now by the rule of division for powers of the same letter 

a* ^ a* = — - = fl"»-» . 
a" 

a"* 
Let TW = n ; .•. a"* ^ a* = -— = i ; 

a"* ' 
but fl*""' becomes o°j ,\a^=l. 

Hence. «"• x o^ = 1, and .•. ar^ = — . 

a* 

71* We may now compute expressions of the following 
kind. 

(Ex. 1.) 4a-*x5a-*x2a*xfl« = 40a'^-^ = 40a». 
For this is the same as writing 

-7x-5x2a*xfl'= — =— = 40 cr* 

120 
(Ex. 2.) 2a-*xSa-^x4a-*x5a^=120a-* = --T-. 

(Ex. 3.) - Zcr^Vc'^ X 5tf-*6-«c» = - 15a-*6-*c' = ^ . 

C^x. 4.) ^^_,^ X ^^3^ - -^^^ - ^^,^. 

72. And here we may remark that as 

+ a X + a = a' and —a^—a also == a* ; 

.•• >ya* = aor-fl. 

But as +ax+ax + a = a'* and -flx-ax-a = -a'; 
.'. v^ = a and aJ'' — a* = - a, . 
so also *jNfl?"= + fl* or — a\ 

But /yo^ss a' and not also - a'; 



66 EVOLUTION. 

i. e. the square root of a number is either positive or 
gative^ but the cube root of a positive number is + and of 
a negative number is -. 

A negative number has no square root; for no number 
multiplied by itself can give a negative result; and such a 

term as J -9 or J — a is called an impossible root. 



EXTRACTION OF THE SQUARE ROOT OF COMPOUND 

ALGEBRAICAL QUANTITIES. 

73. The extraction of the square root of a compocmd 
quantity is the finding of that factor which multiplied by 
itself will produce the original quantity. • 

Thus as we have already seen that 

a' + ^ah + 6* = (fl + hy = (a + 6) (a + b); 
.*. ^a^-¥2ah + 6* is a + h. 

We must therefore have some method by which the &ctor 
a + h may be derived from a' + ^ah + 6*. 

Now the trinomial may be written a* + (2fl + 6)6 : if there- 
fore we can derive a from a% and subtracting a' divide 
the remainder by 2a-\-b, the thing is done. 

But as J^ is a, a may be found by extracting the 
square root of the first term : put therefore a by itself as 
the first term of the root, then take a' from a' + 2a6 + 6*, 
and the remainder is 2a6 + 6': now to derive b, double the 
first term of the root, i. e. take 2fl: divide 2«6 by 2a, the 
quotient is b, the quantity required; write this after a with 
its proper sign, and a + 6 is the root required; but to be 
certain that b is the proper quantity, add b to 2fl, and 
writing 2a + b as a divisor, multiply it by b and subtract 
the product 2ab-hb^ from the first remainder, and the re- 
suJt IS nothing; the process is in getieniV -^Ttoxme^ ^ScL^3A, 
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«• 



2ab-\-b' 



The principle of the rule is obviously this ; we subtract, 
and here at two steps, from a' + 2a6 + 6' the square of a + 6. 

(Ex. 1.) Extract the square root of 4a;* + 4a'a:* + a*. 
4«* + 4fl'«'+ a* (2«* + a* 
4«* 






(Ex. 2.) 81 + 36a + 4a« (^9 + 2fl 
81 



18 + 2fljS6a + 4a' 
36a + 4fl* 



(Ex. 3.) 25ar»-5a: + i^5a:-| 
25x* 



lOo: 



1\ ^ I 
2/ 4 



1 

-5ar + - 

4 



* « 



Here - 54r -j- 10.r = --— = - - 

lOx 2 



\i 
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(Ex.4.) _.«6.-(^_-- 

4 



3/ 9 



9 



74. When there is a remainder after the seomd sub- 
traction^ it is a proof either that the root consists of more 
than two terms, or that there is no factor which will answer 
the requisite conditions; in either case we continue the process, 
as the following examples will shew. 

(Ex. 5.) a*+2fl6-2ac-26c + 6"+c"(a + i-c 



^a + bj 2ab - ^ac - Qbc -{• b' -\' c^ 
2ab +6' 



Qa + Qb-cJ -Qac-^bc + if 
-^ac-9,bc-[-(f 



Observe, that to obtain the third simple root — c, we 
double a-\-by for a divisor: but we only divide - 2flc, by 2«. 

•(Ex. 6.) fl*+ 2fl®+ 3fl*+ 2a + 1 (a* + fl + 1 



2a»+fl" 



2a* + 2fl + lJ 2a*+2a + l 

2a*+2a + l 
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(Ex. 7.) 49JP*-28a:'-17«'+6x + ?^7ar"-2«-| 
494:' 



14a?"- 2«J -28x'-17x» 
-28x'+ 4a:' 



14«'-4«-|V21ar*+6* + j 



4 



In the two following examples^ the root cannot be ex- 
actly found. 

(Ex. 8.) Find JYTx and Ja'-x. 

(X x' a^ ^ 

1 



2 + 


J?4 


X* 

'4 










2 + « 


-?)- 


X* 

4 








ar» 


a:' 


jj* 








«• 

'-1^ 


■4 


S'' 


64 






2 + a 


S) 


a 


a:* 
64 










a^ 


a:* 


x' 


ar« 








J-" 


16" 


64' 


256 




5j;* 


ar» 


a:« 






1 




64 


""Si" 


256 



u=T 
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(Ex. 9.) ^•-^(^-^-s?^-!^-*^^^- 



a» 



2a J 



4a" 



■ X a^\ a^ 
a SarJ ^ar 



x' x" x^ 



•+ 



4 a' 8 a* 64 a« 



X a^ x^ \ 31^ X* 
a 4a« I6a7 ««' 64a* 



_-^ ^ -fL _*_ 

8a*'*"l6a«'*"64a*"*"25"6a^« 



5j?* a: 



6 



64a« 64a» ^dea'"" 

75. From the square root we proceed to the cube root, 
and as in the^ rule given for finding the former^ we derive 
the rule from involution^ so do we in the cube root. 

Now (a + hf = a' + 3a»6 + Sab'' + b^; 

.'. a + b = Ja^ + Sa*6 + 3a6* + 6*; 
and .'. a + 6 must be obtained from a* + 3a'6 + Sa 6' + 6*. 

Now a is found from a"; ••• ,J(^ = a; and to find 6 we 
must divide 3a'b, by 3 a', or by 3 times the square of the 
first term of the root, also since 

Sa'b + Sab' + 6» = (3a' + Sab-h h^b ; 

if we write Sa'-¥Sab + 6* for a divisor and multiply it by 6, 
the product will be equal to the remainder, which arises 
from subtracting a" from the original cube ; the process may 
be thus exhibited: 
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(Ex. 1.) a» + Sfl»6 + Sa6» + 6\a + 6 



a» 



Sa»+ 3fl6 + V) Sa'b + Sab' + 6» 



(Ex. 2.) a»+ 12a*+ 48a + 64i{a + 4 



«*■ 



Sa'+ 12a + 16J 12o*+ 48a + 64 

12a"+48a + 64 



For here 6=-—^=: 4; ... Sa6= 12a, and b'=^ 16. 

%i a 

(Ex. 3.) a«--6a«+15a*-20a»+15a'-6a + l(^a'-2a+l 
a« 



Sa*-6aV4aV-6a*+15a*-20a' 

-6a*+12a*-8a^ 



Sa*- 12a«+ 15a"-6a+ IjSa*- 12a»+ 15a»- 6a + 1 

3a*-12a»+15a"-6a + l 



* « 



In the first division ft = -— -7 = -2a and the divisor is 

3a* 

Sa* + 3a" X - 2a + (- 2a)"= Sa'^-Qa^ + 4a'. 

In the second division b = -— i = 1 and the divisor is 

S«* 

SCa'-Say-h SCa'-Qa) x 1 + 1 =^a*- l^o? 4- \5.ttV ^a* -^tt^\* 
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76. In a similar manner may the roots of higher powers 
be foimd^ but in general other processes are used^ and we 
shall not proceed further^ except to remark^ that as the fourth 
power is the square of the square, i.e. (a ■{• by = {(a + 1)']* we- 
may find the fourth root of a quantity, by first extractmg 
the square root and then the square root of that root. 

77- The rule for extracting the square and cube root 
of numbers is founded upon the preceding algebraical in- 
vestigations, an example will shew this. 

Extract the square root of 582169) or what is the same 
thing 580000 + 21000 + 69- 

The nearest root is 700. 

a b c 

582169 (,700 + 60 + 3 
a* = 490000 



1 



2a b 

1400 + 60^ 92169 
87600 



2a 2b c 

1400 + 120 + 3; 4569 

4569 



,', 763 is the root. 

We ordinarily in books of arithmetic proceed thus: 

582169 (,763 
49 



146; 921. 

876 


1523J 4569 
4569 


« 
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Extract the cube root of 884736. 

884736 (^£K) + 6 
729000 



3 a* = 24300^155736 



145800 = 3a'b 
9720 = Sab' 
216 = 6» 



155736 



EXAMPLES. 

(1) The square root of 64a*6*c« = 8a'6c, of 61009a'' i'c* 

= 247a*6V, of 5ia-46-«c«=§a-«ft-V. 

lo 4 

(2) The cube root of 125a*6»=5a6: 

of 38901 7 fl' ft" c" = 73 a» ft* c*. 

(3) 7l6*'+ 40ar + 25 = 4a: + 5, and 7256aV96a^9 
l6a» + 3. 

(4) ^/(a^+ 4aft + 4ft') = a + 2ft. 

(5) V(^+ 12aft + 9ft') = 2a + 3ft. 

(6) V^- 32aV+ 256a*) = *«- l6a». 

(7) ^/^-a: + i = a:-i. 

(8) \/a:»-pa: + ^ = a:-|. 
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00) ^(^'+245 = 1+^. 

(11) x/'-^'-^'T?=|«ft-J. 

^^V4 3 92 3 



9 

.V /? 4a 46^_ a 2b 
^ '^^ V6* 33"*"9?~6~37' 

(IS) ,J(a^+b^ + c^ + 2ab-h2ac-^2bc) = a + 6 + c. 

(14) J{9^- \2ab + MaC" l66c + 4i'+ l6c*=Sa-2i 
+ 4c. 

(15) A/Ua'- 12a6 + a6* + 9^*-^ + YgJ = 2fl-.Sft 

(16) ^(s6a:*-S6j:"+17x»-4a? + ^^ = 6ar"-Sar + |- 

(17) y(^+8:r'+24+^+f) = ^+4 + i. 

(18) Ay(9a'-6a^ + 30ac + 6acZ + 6«- 106c - 26rf + 25c» 
+ lOcrf + ci') = 3a - 6 + 5c + (f. 

(19) The cube root of 1 + 6a: + 12a:*+ 80?*= 1 + 2j?. 

(20) A^^' - 84a*ar + 294aar"- 343a:«) = 2a - Tx. 

(21) ^-^ 24:a'b + 192a6»+ 512i«) = a + 86. 

(22) ^5^+ 3a'6 + Sa^'c + 3a6» + 6a!^c + Sac'+b'' + Si'c 
+ 36c* + c^) = a + 6 + c. 

(23) 7r:i=i-|-^_g_|^_&c 

^ wp^ 0?* 5x^ 

(24) V«'-a;' = a-g--g^-jg^-J2gj,-&c. 

^ «j4 «jfl *iJf' 
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EQUATIONS. 

78. A PRINCIPAL object of Algebra^ is the determination 
of quantities which were before unknown, by means of quan- 
tities which are known. To effect this, the conditions of the 
questions must be expressed in algebraic terms ; and the 
equality between any two such expressions, is termed an 
equation. The two algebraical expressions are called mem- 
bers of the equation : 

Thus if2j: + 4 = a:+10; such an equality is an equation^ 
and 2x + 4f and a: + 10 are the members of the equation. 

To solve an equation is, to find the value or values of 
the unknown quantity or quantities, which cause the equality 
between its members; thus, since 6 put for x, will make 
2a: + 4, and a: + 10 equal to each other, the finding o£ x = 6 
is called the solution of the equation 2x + 4 = a: + 10. 



79. Equations may be divided into three classes 
Identical, Formulaic and Algebraic. 

Identical equations are those in which the two members 
are evidently the same. 

Thus 18=12 + 6 and 2(ar + l) = 2a: + 2 are identical 
equations* 

Formulaic are those in which the second member is only 
the expanded expression of the first, or which may be de- 
rived from it by direct algebraic processes. 

Thus (« + a:)'=a' + 2ad? + x*, 

and =a*— flar + o?', 

a-¥x 

■ 

are formulaic equations, and may be verified by giving ari'^ 
numbers whatever to a and x. 



/ 
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Algebraic equations^ are those in which the equality is 
only true for fixed values of the required or unknown quan<- 
tity; thus 2a? + 4 = a:+10, which is only true for x = 6, is 
an equation of this kind: and it is in fact to equalities of 
this description that the name equation is usually applied. 
Our attention will at present be directed solely to equations 
of this class. 

80. Algebraic equations are also divided into literal and 
numerical equations: in the former the coefficients are let- 
ters^ in the latter^ they are numbers : thus, of the two equa- 
tions 

ax + b = cx -h d, 

and 2ar + 7 = 3a? + 2, 

the former is a literal and the latter a numerical equation. 

It sometimes happens that the second member of an 
equation is wanting, such is the case in the two equations 

2a:- 4 = 0, and ax -6 = 0. 

We may here remark that the symbol = which is placed 
between the two members of an equation, sometimes only 
expresses the result of an algebraical operation, and not an 
absolute identity: thus when we say that 

= a + ax + a' x' + &ic. 



l-x 

the second member which is the quotient, when a is di- 
vided by 1 —X, is not equal to the first, unless the re- 
mainder found after any division be also taken into ac- 
count. 

81. Equations are also divided into degrees, dependent 
upon' the powers of the unknown quantity. 

Equations of the first degree, or simple equations, contain 

onljr the first power of the unknown quantity or quantities. 

JSquations of the second degree, commoT\y ca^<edL c3^aAi\.« 



p 
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V y^. 



ndc equations^ involve the square as well as the simple power. 
Equations of the third degree^ or cubic equationb^ contain 
the cube as well as the lower powers of the unknown quan* 
tity. And similarly are there equations of higher degrees. 
But as we intend to confine our attention to those of the 
first and second degree, or at most to those which may be 
reduced to their form, we need not carry our classification 
further. 

As instances we may take the following equations: 
aj* + 6 = c is of the first degree 

aa^-vbx^c second ... 

aji^+b3^-\'Cx = d third 

Equations are also called, of one, two, three or more, 
unknown quantities, according to the number of unknown 
quantities which are to be determined. 

Equations are also determinate or indeterminate. 

Determinate equations are those in which the number of 
distinct equations is the same as tlie number of the un« 
known quantities. Indeterminate equations have a less 
number of equations than unknown quantities. In this 
chapter we shall treat only of the former. 

AXIOMS. 

82. (1) If the same number or quantity be added to 
or subtracted from, each member of an equation, the equality 
still subsists. 

(2) If each member of an equation be multiplied, or 
divided by the same number, the equality still subsists. 

RULES FOR THE SOLUTION OF EQUATIONS. 

83. Rule 1. Quantities may be transposed from one 
side of an equation to the other by changing their alge- 

bivic sign. 



N 
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ThHA if 2ar-5 = 13; then by Axiom i. add 5 to both 
sides ; .•. So? + 5 — 5 = IS + 5 : or since 5 — 5 = 0, 2 J? = 13 + 5. 

In which ^\^e see that the - 5 of the left-hand side of the 
first equation, becomes +5 oir the right-hand side of the 
second equation. 

Also if X'ha = b, then subtracting a from both sides, 
x-^a — a = b — a; or since a--a = 0, x^b — a. 

But if the whole of the right-hand side of the equation 
be transposed to the left, and the whole of the left-hand 
side of the equation to the right ; the signs need not be 
changed. 

For if flo? + 6 = ca; + rf ; .*. car + rf = ao: + 6. 

Also if all the signs of the terms be changed, the equa- 
tion is still true. 

For if x- a = i/ — b ; therefore by transposition, b—y^a—x 
and therefore by what has been just said a — x = b — i/, an 
equation in which all the signs are different from those of 
the original equation. 

Rule 2. When the terms of an equation are fractional, 

the equation may be multiplied by the denominators of the 

fractions, and reduced to an integral form. Thus if 

2x 

y+2 = 12, 

2x + 6 = 36, 

by multiplying by 3, and the equation is true by Axiom ll. 

When there are more fractions than one, we may multi- 
ply at once by the product of all the denominators. Thus if 

X X X ^^ 

2 + 5-^5 = '^' 

.•. multiplying by 2 x 3 x 5 = 30 we have, 

SO a: 30 jr 30 or ^, „^ 

— +—+—=31x30; • 

.'. 15a! + 10a! + 6x = 930. 
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When the denominators have a common multiple or a 
number divisible by each: it is more convenient to multi* 
ply the equation by it: thus if 

X X X X , -. 

2 3 4? () 

Then since 12 is the common multiple of 9., 3, 4 and 6, 
we have by multiplying the equation by 12, 

6^? + 4ar + 3ar + 2ar = 180 : 
the application of this rule is called, clearing the equation 
of fractions. 

Rule 3. When both sides of the equation are divisible 
by the same number of quantity : divide by the common 
factor, and the equation is still true: thus if 

12x = 96, 

dividing by 12, we have 

x = S. 

Rule 4. Both members of an equation may be involved 
to the same power, and the same root of each may be ex- 
tracted. 

Thus if a:' = 81; .-. x = 9, 

and if jjx= 3 ; .*. x = g. 

If Jx'+l=2x + 4>; 

.'. a;* + 1 = 4a:" + l6x + 16. 

SOLUTION OF SIMPLE EQUATIONS. 

84. Having separately illustrated each of the foregoing 
rules, we may now combine them, and with the aid of 
the axioms, form a general rule for the solution of simple 
equations. 

(1) Divide every term by the greatest common mea- 
sure, if any. 
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(2) Clear the equation 'of fractions. 

(3) Transpose all the unknown quantities to the left- 
hand side of the equation^ and all the known quantities to 
the right-hand side. 

(4) Collect into one sum the various coefficients of the 
unknown quantity. 

(5) Divide both sides by the coefficient so arising ^d 
the result is the answer required. 

(Ex. 1.) Let 7x-3 = 5x-\- 15, required x; 
.•. 7x-5x = 3-hl5, Rule 1. 
.-. 20*= 18; 
.«. x = 9. 

If we wish to verify this result, we must write 9 ^or x in 
the original equation, when the first member becomes 

7x9-3, or 63-3, or 60, and the second becomes 
5x9+15, or 45 + 15 or 60^ as it ought 

(Ex. 2.) Let 8a: - 15 = 6x + 1, find a? ; 

.*. Sjc — 6x= 1 + 15; 
.-. 2x= l6; 

2 

(Ex.3.) 5(a?+l) + 6(a: + 2) = 9(^ + 3), find or; 

.-. 5x + 5 + 6a; + 12 = 9^ + 27> 
llar-9^ = 27-17; 
.•. 2ar= 10; .'. or = 5. 

(Ex. 4.) Let ax-hb = c, find x; 

.*. ax = c — h; 

a 



1 
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'(Ex. 5.) Let p + « "T + 7; find x. 

Z o 4 

Multiply both sides by 12, the least common multiple of 
5i, 3, 4, then 

6x + ^x = 3a; + 84; 

A 7* = 84; /. or = 12. 
(Ex. 6.) Let — - — + — ^— — = 2, find jr. 

Z 21 4 

Multiply every term by 12; 

18jr + 6 + 204r + 4-27«- 9 = 24; 
.-. 38ar- 27 or = 24 + 9 -6- 4; 

11* = 23; .-. x = 2n. 

It may here be observed that when a negative sign is placed 
before a fraction^ we must take care to change the sign of 
every term of the numerator when the denominator is got 
rid of; for the fraction 

9x-^3 . ^, /9x 3\ 9 J? S 
4— "the same as - ^^ 4/ ® "T""4' 

which two fractions when multiplied by 12, become - 271^:- 9; 
in the next example other instances of this kind will be 
given. 

\ 

ixy p,x 5j?-S 24-8* 12X-4 . 
(Ex.7.) -g 3 g— = 4. 

Multiply by 24; 

.-. 20* -12 -192+ 64a: -36 or +12 =96; 
.-. 84j?-S6« = 96 + 12 + 192-12; 
.% 48a? = 300- 12 = 288, 

288 ^ ^ 

X ss ss O* 

48 
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.". « - 14 = jT^m?i 

.-. 28* = 75; .-. a? = 2^. 

2a' 

(Ex. 17.) Let J? + A/aN-^= -7==«== find «; 

.•. a*ar*+ a:* = a*- 2aV + ar*; 
.•. Sa*x*=a*; .'. S«* = fl*; 

.". ar = — , and a? = -7= • 

(Ex. 18.) Let f"V = ^ + ^"^"^^ 

Since x-a=(Jx + Ja) (^Jx-Ja); 

.•. S Jx-sJa = Sh + Jx-Juy 

^Jx = Sh-\-zJa; 

. /r 36+2^. 
•• V^ = 1 — ' 



... ..(?id^)-. 



I 



\ \ 
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£XAMPLES. 

(1) 2jr + 7 = Sj? + 2; .•. j: = 5. 

(2) njp-18 = 5« + 6; .•. X = 4. 

(3) 7* + 20-3ar = -50+4a: + 60 + 8j?; /. j? = |. 

(4) 2j:*+13a: = lf «■- 9^; .•. a? = 2. 

(5) 3« + 4 = — 3 — + 8 ; .-. jr = 12. 

(6) 5 + « = *"7; .•.j=i5. 

(7) 2+4+T"^' .•.x = 8. 

(8) 7*-8f = 5i + 3«; .-. « = 4.-^ 

(9) u-^*4-i'- 



^Tf.^ 



4 2 



• • M> — TT • 
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(10) —-.7 = 9; .-. ar = 4. 

(11) 2 + « = 5-2|jp; .-. jr = 4 --j- 

(12) Bll-sJ-; .•.* = 6. 

iiT tip 

(14) £±i + l±*-^ = 3i,; .-..= 8. 

(15) |-«£±i = 7-^; .•.* = 6. 



06) ^^^^ = '5; 



.*. iV — ^1 



^^^ S 10 .4 8 ' ..x-y 



^ 
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.-. a^-2Sx + 196 = 121 + «* ; 

(Ex. 17.) Let ^ + n/«^^=7^^^ ^'^^ *' 

.'. a?^a' + ar* + a' + a:"=2a*; 

.-. fl'ar' + j;* «= a*- 2 aV + a:* ; 

... 0.'=-, and x=^. 

(Ex.18.) l.et -^=^^h^thLzJi. 

Since x-a= (Jx + ^) (^j? - Jo) ; 

.*. 3jx'-3ja = 3b-^Jx-^, 
4>Jx = 3b-h2ja; 



... , = (i^)'. 






\ 
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EXAMPLES. 

(1) 2« + 7 = 3«+2; .•. .r = /i. 

(2) 11«-18 = 5jp + 6; .-. x ^ 4. 

(3) 7* + 20-3« = -50+44r + 60 + 8a'; .*. x = j 

(4) 2ar" + 13jr = lfar"-9ar; .-. x = 2. 

(5) 8« + 4 = ^^ + 8; .-. 4:-12. 



(6) 5 + | = «-7; .-. xr=15. 

(7) |-^J+T = 9' •••"^'• 

(8) 7«-8f = 5i + 3ar; .-. jr=*.-^ 
2a; 1 X ir. 



C9) U-T=i + 2' 



•'• -^ ~ 14 • 



(10) —-7 = 9; .-.a? = 4. 

(11) 2 + « = 5-2|«; .-. j = i 

(12) ____5 = -; A* = 6. 

(14) -^— + -z i— = 355; . • * = 8. 






2 8' 3 ' 






(17; -J- 10 +T 8 ' ..«-v 



^ 
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(18) 3.25ar-5.1+a?-.75a? = 3.9+.500ar; / ' 

.•. 4? = 3. 

(19) ..(2 + a?)(8 + a;)-22 = | + a?*; .-.ay^f. 

(&0) ax — bx-d — cxi .•. or = r- 

(22) - = a6 + 6 + l; ...ar=-4r7- ^^v^ 

^ ^ X X a -XI ^ 



(23) (a + jr)(6 + a;)-a(6+c) = -T- +^; 

(24) a*x + 6» = 6«a? + c«; A ar = ^'*'^\'*'^\ 
^ ' a + 6 

A 

r97^ 2a? + 3 5 J? +7 63:+ 1 _ 5jg + 3 

^ "^ 17 21 ■*"^"29~""" 87 ' 

(29) -^ + H-^ + ^^ = 2s; •••* = *• S"' 

* -^ 6 3X-Z5 T' ••«-«0- 



\ 



EQL-«l?^)Ng, 






28 ■*" 7 ' 



• • «c — 



x««\ fl*+6 ax + b iax + d b 
(«2) — — + 






11- 
^ac-cd' 



(83) _^-(^2x--~-j^j=5; .-.^ = 7. 

(3.) 4.-'-i5-LYL-.!!4i:*" »"« 




2 ' 



6 



,\ X = 10. 

3 

a: 

IS 2 

7a: + -- lljr -— ^ ^ 43j;- ^ 

/Q/t\ 2 ^ 2 3jr + l 2 

(35) — + -;; = --. + 



3-80: 



10 



12 



» 






•*• ^ — ?• 



22 



(36) -5 r- + 



5;e 



8 

*^5 



6— =^'^71 
.•. a: = 11. 



/orf\ 7^ 6a;' + a?_3jr + 6V -11 

(37; - — r= — -T- ♦ — 5 — r— : .-. a: = 



X- 1 ar+ 1 



a:«-l ' 



12 



(38) 



X 



2^+1 



9ar"-l6 4 + 3a: 9' 



. • ill' — 



36' 



^ (SQ) ax + b = cx+d; 



• • Mr — - 






■•-m?; t 



>(<") M*l-'- 



• % X "^ 



a6c 



Qb-Vttc-v\>cr 
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f) c 



/4a\ a o c ^ 1 . 

(42) - + - + - = 1 ; ,\ X = 7 . - 

(43) ar + a + 6 + c= -, ;.*.« = j- • 

' a + 6-c + d? a + 6 

/..v •afi 4ac 2cx Sac „ , -. 

a / 70&-8A 

• • X — - 






a-hb' 

(46) J?TT6 = 5; .'.x==3. 

(47) JxTlG = 2 + ^7; .-. J = 9. 

(48) jJxT^S = 2 + Jx-il; .-. a: = S6. 

(49) Jx^-h5x-2 = ar + 2 ; .'. or = 6. 

(50) ^ar + lla;4-5 = v^a: + 5; .". jr = 20. 

(51) 3V3x-5 = 2>yilj:-17; .-. Jr = f'. (*4r ^ 
('"> 2 + 7-' = '^""'''" 2 ' •••^ = i2lj^ 

(54) a; + ^a:«-2aa; + ^»'« = « + 6; a.=fll±|fL?. 

(55) >yiT225 ~ Jx-4>24f = 11 ; « = 1000. 



.rr^^ ^^^±^ = 2; ' 
A^4ia:+5-,Jx 



% % X — -• Xa 
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^ (.57) "^^gET; = 4, 

(58) . A±f+ /•^-ll!. 
^ ^ V a:»4^V x + 4"' 3 ' 



X = 5. 



X = 5 



^{59) 



X 



c — x 



Ja' + x'''Jh'+(c-xy' 



X - 



ac 



a + b' 



(60) ^iie^N/^^ss. 

^0? + 4 ,Jx+l2 
(61) JsTx + ^x^—; 



(62) ^7 + x + Jx= -, 



28 



^7 + *' 



j: = 04. 



4 



a: = 9. 



«^ (63) Jo!" + ar« = -*y6* + x* ; 






2c 



f (64) tJa' + bx-{-Ja'-bx = 2c; .•. a:= -j-Ja*-c'. 



(65) a:- 4 = 



jr* 



(66) 



(1+/i+j:)^' 

„ /-- 243 + 324y3x ,^ 
»V3*+— i6V_3^— =l6*H-3,- 



.*. ar = 8. 



**• X Oa 



*/*{6l) 4 + ar =Vl6 + a:^144 + a:*; .-. a? = 5. 

/>»-4fl» 



• * X •— 



(68) a: + a = v a' + x Jb* + a:" ; 



(60) i+i = yi+ /jL+1. .* = _?*!_ 



170) v^+T+v'jri=^j 



4a 
a*-.6« 


— • 




/rf 


(A 


-2«)!- 


Nl^ 




SfTlV* * 
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SIMPLE EQUATIONS WITH TWO UNKNOWN QUANTIT1E& 

85. When there are two equations between two un* 
known quantities^ such as ax-^-hy^m, and ex + di/^n; 
in which a, b, c, d, m and n may be any numbers whatever, 
it is sufficiently evident^ that if we obtain from these two 
equations^ two values of x, and equate them^ there will 
arise an equation involving y only, from which y may be 
found ; and y being known, x may also be determined, by 
substituting the known value of y in either of the equa- 
tions. 

In fact, •.• aX'hbi/ = m, and cx-\-dy — ni 

m — hy . n — dv 

.«. X = =2- and X = ^ : 

a c 

m—hy^n — dy 
a c 

.•. 7nc — bey = na—ady; 

^me — na 
•'••^"" be- ad' 

m—by 1/ mbe — nba\ nb^-md 
a a\ be — ad ) be — ad 

As another example let us take 

2x-\-Sy = l3; and 3a? + 5^ = 21; 

13 -Sy J 21 -5y 
.•. a; = -— 2i and a: = z^—^; 

13-3y _ 2l-5y 
'*• 2 3~' 

.-. 39-9y = 4,2- lOy ; >'> y- S. 

1S-3V 13-9 4 ^ 



EQUATIONS. 91 

L The method just given is sufficient to solve any 
equation of this kind ; but in general another process^ that 
of elimination^ is made use of. 

Elimination means^ the getting rid of a things and ap- 
plied to these equations^ is the getting rid of one of the 
nnknown quantities^ so that the equation may be reduced 
to another^ containing only one unknown quantity; to ef- 
fect this purpose we have the following rule, to elimi- 
nate X. 

''Multiply the upper equation by the coefficient of x 
in the lower equation^ and then multiply the lower equa- 
tion by the coefficient of x in the upper equation: take 
the difference between these products, and the result will 
contain y only. 

(Ex.1.) Let 6a:+ 7^ = 46 (1) 

and bx-^ Sy=Stl (2) 



(1) X 5 ; .-. SOx + S5y = 230 

(2)x6; .-. 30a? +18^ = 162 



17i^=68; .-. j^ = 4; 



and 5a? + 3^ = 27; .'. 5a? = 27 - 12 ; .\x = 3. 

(Ex. 2.) Let ax-i- hy-m (1) 

and cxf dy = n (2) 



.'. acx-hbcy =7nc ; 
••. acx-\-ady = na; 

,\ (bc-'ad)y = mc — na ; 

^ 

and a may be found as before. 
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(Ex. 3.) 



X 



Let - + 7j^ = 99, 



and ^ + 7x = 


51; 






X + 49^ = 


99 


x7 






^ + 49 ^ = 


51 


x7 


by 




• 


150 


x7 


addition ; 


••• x+y = 


21. 









And 48^ - 48 a: = 48 X 7 by subtraction ; 
.-. y-x^ 7 
and ••• y + x = 21 



.-. 2^ = 28 
2a?=14 



.-. y = 14, 

. • X ^^ |. 



(Ex. 4.) 



7 + J? 20?—^ 



53^7^ 



4a?-3 



= 3^-5 



= 18-50? 



0) 



(2). 



From (1) 28 + 40;- 100? + 5^ = 60^ -100; 

.-. 55^ + 6or = 128 ...(S). 

From (2) 15^ - 21 -f 4o? - S = 108 - SOor ; 

.-. 15j^ + 34o: = 132 ...(4). 

Multiply (3) by 3 and (4) by 11: for 55=5x11 
and 15 = 3x5. 

l65^ + 18or= 384, 
1655^ + 3740: = 1452 ; 



.•. 3560: = 1068 ; .*. JP = 3. 
But J5y = 132-34o: = 132-10a = 30-, •% 1|-^SL- 
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87- To the two methods which have been given^ may 
be added a third, which may be thus enunciated: '^ Sub- 
stitute the value of x obtained from one equation^ for x, 
in the other equation": this method, which is very obvious, 
18 really contained in the first. 

The principle of the three rules is briefly this: that 
aa the two equations hold contemporaneously, i. e. are tnie 
ton the some values of x and y at the same time, if in 
cither of the equations we put for x or y, their values in 
other terms, the equations are still true. 

We must be careful to see that the two equations are 
independent of each other, for had we the equations 

2j? + 3^ = 14, and 4a: + 6^ = 28, 

the latter which is merely the double of the former, will 
be of no use in the determination of the particular values 
of X and y which render the equation 2a: + 3^ = 14, a just 
equation. 

EXAMPLES. 



^(1) 5a: + 3^ = 741 .-. a: = 10, 
3a: + 2^ = 4fj' ^ = 8. 

^(2) lSa:-17i^ + 54 = 0l .% a: = 5, 
7a: + 28-9^ = 0J' ^ = 7- 

o/:(3) 5JP+7y = 43 1 .'. x = S, 
11* + 9^ = 69/' y = 4. 

</: (4) 8 J? - 21^ = 331 .'. a: = 12, 
6ar + 353^ = 177r 3^ = 3. 

0^.(5) «+ 10^ = 1231 .% a: =13, 
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^(6) 



^(7) 



J'AO) 
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X V X I 

6 5 2 [^ 
4 3 10 J 



4 



«»12, 



y^SO. 



«= 2, 



5+^ 12+a?l; 
2d? + 5^ lfc= Sb: 



y^T 



31 
5 



^(8) 2a: + 6 : Sy + 2 :: 8: 7 
• 8a?-4 = 9^ 



I a: = 5, 

) 3^ = 4. 



ar+^-8»0l 
2 ^-3— ^3 = <^j 



* = 2i, 

,4 



xm- 



9x v+Zx 9y- 10 Sx+r\g. 



= 2, 



y - 3j: 25 



f,= 



7- 



o/T (11) («+7).(y+5)=(«.-2)Cy+15)+781ar = 5, 
(«+5).(^+7) = (i?+3)(x + 17)-8ot = 7- 



^(12) (*+«).(5/+6)=(x-6).(y+«)+fl6L= a.(?!l.^^^. 



of (13) 



ax=^by 




10 + 6,y-4ar 4 ' 


, • 


126 + 8a?- 17^ 35 
100-12x+7y 13 


[* 



a; = 8, 



y = 5. 



\ 
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^H- 



= 167 



g .9« = 167| y = 9- 

^ + * = n3 J, = 46. 



„-. "2 3 1 18 It \ 



X y o\x yj 12j 



.y=I8. 



88. When there arc three unknown quantities as^ x, 
y, z, and three distinct equations between them^ we may 
either by substitution^ or elimination^ reduce tliem to two 
equations involving two only of the three unknown quantities : 
and these two may then be found by tlie methods already 
given. Thus^ between the first and second C(|uations^ we 
may eliminate z, and have an equation involving x and y. 
Again, between the first and thirds or second and third 
equations^ we may also eliminate z, and have a second 
equation involving x and y only; from these two, x and y 
may be found; and z may tlien be determined by sub- 
stituting the values of x and y in any one of tlie three 
original equations. 

(Ex. 1.) 7j:+10j/ + 52=42 (1) 

13x+ 6i/ + 2z=3l (2) 

llj: + 14^ + 8ir = 63 (3). 

Multiply (2) by 5 and (1) by 2; 

.-. 65x + 301/ + 102 = 155 
14x + 20y+10s= 84 

A 5lx + l0y = 71 



- J 
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Multiply (2) by 4 and write (3) under the product; 

.-. 52a: + 24^ + 8z = 124, 
lla: + 14^ + 8s= 63; 



.*. subtracting 41 a: +10^ = 6l. 

But 51a: + 10 y = 71; 

.*. 10a:= 10; /. a:= 1. 



But 51a: +105^ = 71; .-.10^^ = 71-51=20; .'.^=2. 
And 22 = 31-6y-13a: = 31-12-13 = 6; .'.z = 3. 

(Ex. 2.) Let a?^ = 2 (a:+^); az = 3(x-\-z); yz=i4i(j/ -¥• 2) 

find X, y, and z. 

Since a:j^ = 2 (x^y); .-. 1 =?-l^J^ =2 Q + i) ; 

111 /tN 

.•. -+- = - (1). 

ctj- X y 9, ^ ^ 

Similarly - + - = - (2). 

J 1 1 1 /«N 

and - + - = - (3). 

y z 4: ^ 



Subtract (2) from (1); 




11111 
''' y z""2 3 '6' 




u . 1 1 1 

But - + - = = - ; 

y Z 4 




2 115 
•• ^""6"^4"12' 


24 
•'• ^= 5' 


2 111 

z ~ 4 6"" 12 ' 


.-. 2 = 24. 


. 1 1 1 12 5 7 . 
^" ^ 2 V 24 24 24' 


24 

• .a: - 



w^ 
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EXAMPLES. 



J. 



d^ 



I (S) 



(1) dr+y = 50 
jf + » = 28 

y + J5 = 42 

(2) Sjr + 55( = 76 

^XAr%Z^ 108 

5«+7^ = 106J 
0! + y -i-z =26 



« + ^ + Zs=ZU ^ 



^ (4) Sj? + 5^ - 4j8r = 25 > 
5ar-2^ + 32 = 46 V; 
S^ + 55; - or == 62 -J 

<^- (5) ^+1=100; ^+1=100; 2+|=100 



O^ (6) 



^' (7) 



SxA- 


4y 


-5s = 


= 32 


4ar- 


5y 


+ 32^ 


= 18 


5j:- 


By- 


-45 = 


= 2 


5j:- 


6y- 


• 
f 4s = 


= 15 


7j: + 4^- 


-32 = 


= 19 


Qx-h 


i/ + 6s = 


= 46 



(8) f+|+£=22 

3 5 2 

4 Jg 5 



>> 



X 

y 



X = 

z = 
J? = 

.y = 

z = 




X = 

.y = 

s = 
J? = 

2 



18, 
32, 

10. 

12, 

8, 

10. 

3, 
7, 
16. 

7, 

8, - 

9. 
64, 

72, 
84. 

10, 

8, 

6. 

3, 
4, 
6. 



«= 12, 



y^so, 



5 = 42. 
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(9) -P^-^IO, 



xz „, vz , .„ 
= 84, ^^^.= 140. 



(10) 



o/.in) 



(12) 



Ans. a?=105; ^ = 210; z = 420. 



X Sif z 

112 

— + - +- 
^x y z 

A« 1 4 

6x y z 



85' 
27 




443 




72 


r > 


433 




36] 





jr = 6, 



^'^ft 



= i. 



ar-9^ + 3z-10w = 


= 21 


a: = 100, 


2a: + 7^- -s: - w =683 


y = 6o, 


3a: + ^ +5^+ 2?/ = 195 


r * 

js = -13. 


4a;-6^-25- 9w = 5l6 


M = - 50. 


a: 1/ 2z ^ 
357 




a: = 12, 


5x y 2 ^c 

4+6^3=76 




ir = 80. 


2 ^8 +5=7» 




« = 168, 


V + iir + M =248 J 




tt = 50. 



QUADRATIC EQUATIONS. 

89. Quadratic equations are of two kinds. 

(1) Pure quadratics, which are of the form a or" =6, or 
which do not involve the simple power of. the unknown 
quantity. 

(2) Adfected quadratics, which are of the form aa^+bx^c, 
a, h, and c being any numbers whatever, positive or nega* 
tive. 



ax^ 
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90. The pure quadratic equaticMi is thus solved: 
-A. . ^J, . -^ A. 

or X has two values -f . / - and - a/ - ; for either of these 

values when put for x in the original equation ar* — = 0, 

satisfy the given condition^ that one term should be equal 
to the other. 

(Ex.1.) 5x^=125; .% x* = 25; .•. x-^S. 

(Ex.2.) 7**+ 18 = 4** + 450; .-. « = >fcl2. 

(Ex.3.) r^ + l2 = ^ + 37g; .-. j: = ±7. 
o 7 



SOLUTION OF THE ADFECTED QUADRATIC EQUATION. 
91. Let ax'+bx = c be the equation^ or dividing by a 

1} c 

-j? = - 
a a 



x'+ -j: = -. 



b c 

Instead of - put p, and for - put q ; 

.'. x^ + px = q. 

Now let a quantity r be added to both sides^ so that 
x^+px-\-r shall be a complete square; for then if the roots 
of both sides be taken^ the equation will be reduced to a 
simple equation. 

But to find r. We see that in every complete square of a 
binomial^ as jr"+2aj? + fl', which is the square of x-ha; 
four times the product of the first and third terms equals the 
square of the middle term : for 4a* x x^=(^axy; 

5—2 
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or the quantity to be added to make x' -hpx a complete square^ 
is the square of half the coefficient of x ; makuig this addition 
to both sides^ we have 

And since by the ordinary rules^ the square root of 

a' + p jr + ~ ^s 0? + ^ ; 
'^ 4 2 



••• *+f = =^N/?+9- 



Hence we have this rule to complete the square. Add to 
each member of the equation^ the square of half the coeffi* 
cient of x; and to extract the square root of the square so 
completed^ add to x, half the coefficient of x in the original 
equation. 

Ex. Complete the squares of the following quantities : 

1^(1) ar*+8jr. Ans. ar'+8x+l6. 

^(2) a^ — Sx. Ans. or*— 8ar+l6. 

^(3) x^-Sx. Ans. a?*-3a: + |. 

25 
«/r (4-) a^+5x, Ans. or* +50: + ---. 

4 

Also the square roots of the squares are respectively 
jr + 4, x — ^, ^~"a ^ ^ "^ o • 

It may be observed that both the positive and negative signs 
are prefixed to the root of the second member of the equa- 
tion, the reason for which may be thus shewn; 

2 

make V + Q = *»'• 

4 
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Then since -^ m x + m and - m x - m are both equal 
to mP ; therefore the square root of m' may be cither + m or 

— «•; and therefore that of ^ + g, may be either 

and both satisfy the conditions of the equation. 
92. Resuming the equation^ since 

or X has two values^ viz. 

Let a and 13 respectively represent these two values; 



/»=-i-/r4. 



Therefore, a + /3 = — p, or the sum of the values of x is 
equal to the coefficient of the second term with its sign 
changed : this • proposition is true of equations of any dimen- 
sions whatever. 



Again, a^=:^-^9+^)=-^. 



Hence, if we write the equation under the form 

we see that in a quadratic equation, the last 'term is equal 
to the product of ibe values of « • TToia -^gito^osvNAGXv \xsa.^ V^^ 
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thus generalized for an equation of any degree whatever; the 
last term is equal to the product of the values of x ¥rith tbeir 
signs changed. 

93. Again^ since 
^-.a = a:+|~^|- + g, and a:-/3 = ar +| + ^^ + 9; 

.-. (a?-a).(a:-/3) = (^ + |J-^£-+(7^ = ar» + px-^. 

Hence if a and /? be separately put for x, they will 
separately make a^ +px-'q-Oy or satisfy the conditions of 
the equation. But no other terms but a and /? will do this ; 
for these only can make either a: — a = 0, or a:-/3 = 0. 

These terms, a and ^, are called roots of the equation^ and 
hence we say that a quadratic can only have two roots. We 
may remark that these values are not true at the same time> 
unless 

^ = - ^, and then a/ ^ +-^ = 0, and then a = /?, 

And also that, if a be a root of a quadratic, x — a will 
divide the equation, without leaving aiiy remainder, for the 
quotient will be a: — /?. 

94. When g is a positive quantity, both values of x 
are real ; but if q be negative, and 



- —i-N^. 



they are real only so long as ^ is not less than q» When 



ji *.« 



' q is >^i ±"9 ^^ * negative quantity and its square root 

cannot he founds and both a and ^ are im^^sible quan- 
t/t/eA 
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Sach a circumstance will in general point out to us, 
that the conditions of the question are incapable of being 
fblfiUed. As, for instance, if it were proposed to find two 
numbers whose sum = 6 and product =12, we should have 
p^^6, and ^ = -12; for the equation arising would be 

jf*-6jr = -12, and v-9=9-12 = -3. In fact there are 
no such nimibers. 

•95. And now we shall give a few useful rules for the 
solution of quadratic equations ; first observing that we shall 
seldom find the equation in so simple a form as 

fractions must be reduced, and terms transposed, before we 
can begin its solution. The following steps are in general 
necessary. 

(1) Clear the equation of fractions. 

(2) Transpose the terms involving jo' and x to tlie left 
hand and the numbers to the right hand side of the 
equation. 

(3) Divide every term by the coefiicient of x'. 

(4) If a^ be negative, change all the signs of the equa- 
tion. 

(5) Complete the square. 

(6) Extract the square root of both sides, and a simple 
equation remains; whence x may be found. 

EXAMPLES. 
(Ex. 1.) Let a?' + 6d: = 91; find x. 

Add 9 or f~j to both sides; 
.-. «« + 6« + 9 = 91-V9'=^W'> 
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.-. J? + 3 =±10; 
a; = -3± 10 =7 or -15. 



(Ex. 2.) Let a:® -5a; = 24; find x. 

Add (-^] or —to both sides; 



. ^ 25 ^, 25 121 

.'. or - 5a: + -7- = 24 + -— = ; 

4 4 4 



5 ^11 

2 2 ' 



.*. a: = 8 or - 3. 



(Ex. 3.) Let a;' - a? = 72. 



or 



4 4' 



.*. JT — a: + - = — + 72 = — - : 
4. 4 4 ' 



1 ^17 

2 2 ' 



1 17 ^ 
- ^ = ^^y = 9or 



-8, 



(Ex.4.) Let 3j;*.-2a: = 65; find 0?; 



« 9.x 65 
•• "^ 3" 3' 

, 2a? 165 1 196 
•*• '^"'T"^9'""3""*'9"" 9 ' 



1_ 14 



.'• a: = 5 or — 



IS 



40 27 

(Ex. 5.) Let + — = IS ; 

^ ^ X — 5 X 

.-. 40 a: 4 270? -135 = 130?* -65a?; 
' .-. 13ar"-132a: = -lS5-, 
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I32x 135 



• 



13 13 ' 



.132 4356 _ 4356 ^ 1^35 2601 , 
IS *■*" 169'^ 169 13 ~ 169 ' 

66 51 66*51 ,, 15 

'-1S = "13' ••• ' = —3- -'^""'U 



(Ex. 6.) Let adx — acc^-bcx-hd; 

.'. acx'-adx -\- bcx '~bd ; 

• ad — he _bd ^ 
ac ac 

ad-bc^ /ad-bc\' (ad-bcy ^ hd{ad + hc)\ 
ac \ 2flc / 4fl*c* flc~ 4«"c* * 

ad— be ad+bc ' 

.*. « =sfc : 

9,ac 2ac ' 

ad — be ad + be 2ad -2bc 

... x = — ± — = - — or : 

Sac 2ac 2ac 2ac 

d b 

1. e. ar = - or . 

c a 



96. The equations hitherto solved have, by very ob- 
vious reductions, assumed the form of x' -^ px = q ; but there 
are many others which may be solved as quadratics ; 
thus every equation of the form x'** + px'= q, may be so 
solved. 

Since by putting x^-yi .'. x'* = if', we have 

y'+pif=^q, 

which is of the required form, and this remark is true 
whether the indices be integral or fractional, so long as 
the index of x in one term, is half the index of x in the 
other. 
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Thus, fla;' + 6jr*-c, 
ax^ + b^ = c. 



1 



ajp* + bx^ = c. 






and many others may be solved as quadratics. 

97» Also algebraic expressions of the form 

(ao:* + bx + c)"" + p (ax' + bx + c)" = q, 
and (ao;*'" + bx"* -f c)*" + |j (ax'"* + 6.r"* + c)" = q, 

may be solved as quadratics ; since if in the former of these 
equations we put (ax' + bx -{-cy = if, and in the latter 

(ax''^ + 60:"* + c)" = If, 
we have for both 

Other reductions must be left to the ingenuity which is gained 
only by practice. 

(Ex. 1.) Let a;* -74a:' = -1225; 

.-. a* ~74d:»+ 1369 = 1369 -1225 = 144; 
,-. a:* = 37 =»= 12 = 49 or 25 ; .-. a; = ± 7 or ± 5. 

(Ex. 2.) Let a:»4-7^^=44; 

\ r^ I 49 ^^ 49 225 

.-. a:^ + 7j:» + -^ = 44 + ~ = ; 

I 7 _,15 J _.15 7 

2 2 ' 2 2' 

••• a/=4or-'ll; .•. a:a = db2 or J -11; .'• x=^% at Vr^\^* 
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(Fx. 3.) Let 7j: + IS + 5^^ + 13 = 22; find x; 

/ t;; 1 4 / 77 22 

.•. VX+ 13 + 7Var + lS = — ; 

. 1 ^^ 1 22 1 441 

.•• jr + 13 = l6 or (^Y; .•• * = 3, or Tyj -13. 



(Ex. 4.) Let 5 j: - 7^ + 8 Jlx'-Sx + i = 8 ; find a:. 

Make JvF^^^xT\=y; .-. 7ar*- 5a? + 1 =y ; 

.-. -y+l+8jf = 8; 

••• /-8j^ + l6 = l6-7 = 9; 
.-. y = J7x'-5x+ 1 = 4it3 = 7 or 1; 

.'. 7** - 5dP + 1 = 49 or 1. 

Let 7J^-5d: + l = 49; 

5a? 25 25 48 _ 1369 
•'• '^" 7 ■^195"196"^ 7 " 196 *' 

5 37 « 16 

.«. a? = ---'fc--7 = S or — — . 
14 14 7 

5 

And if 7a?'-5j? + l = l; .-. 7a?* - 5a? = ; .-. a? = Oor-, 

(Ex.5.) Let -^ +^^—^ = 26; find a?. 

Instead of clearing the equation of fractions, multiply 
each term by the first; then 

(-—] +1 = 26 ; makev = ; 



I 

* 
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... y=.h^jV^^h + JV:n or ^^Jj^—^ . 

Make ft + Jb'-l=/3; . 

X ^ ' 1 aS -a 

a + x ' /3 1-/3 1-/3 

There are many artifices used in the solution of equations^ 
which can only be learnt by practice; the use of some of 
these we now add^ but we must refer the reader to Bhmd's 
Algebraical Problems^ for a more complete exhibition of 
them. 



(Ex. 6.) Let 4a;* + I = 4a?« + 3S ; find or ; 

.*. 4fX* — 4ar^ + a;* — x* + - = 33, adding and subtracting a?' ; 

.-. (2**- a:)*- ^(2**- a?) = 33; 

o « 23 1 ^ 11 

.-. 2x»-a: = =*= — +- = 6or- — , 

, o 3 l±^^^ 
whence a: = 2 or - -, or —^ . 

2 4 

(Ex.70 Let^= ^^"",i^ ; find a:; 

4 a: — 18 

.*. a^—18x = 4tfJx — 4!8; 

.'. x' - 14a? + 49 = 4a: + 4 Jx + 1 ; 

.-. a?-7 = 2^+ 1; .'. x-2jx-^l=9; 

••• ^/^ — 1=±3; .••a:=l6or4; 

observe that if the equation be verified by putting the values 
^or a: in it, when a? = 4, ^ = - S, 
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- 8 7 

(Ex. 8.) Let Jx — = -7= — ~ ; find x ; 

X t»J X — * 

^ /- 8Ji 16 ^ 

^ 4? 4? 

.'. OP + 8 + 2 (^ + -7=) = 15 ; 

4 
.-. v^ + -7= = 1 =t 4 = 5 or - S, 

whence a: = 10 or 1, or ^ 

(Ex.9.) Leta^ = 6x + 9; findar; 

•\ x^^Gx' -^9x multiplying hy x ; 

.'. 4?* + Sar* = 9a:* + 9jr; 
.-. ar* + 3a;' + I = 9ar* + 9x + I = 9 fj;" + or + ; 



.'. or* + - = ± S 

2 



or 



a:* = Sa:, and x = or x = S, 



(Ex. 10.) Let x^-x' = 4; find or; 

• V __ *•" .^^ A. y m 

.*. x*+Qx' + l''(ji^+x)=^2x^ + 3x + l; 
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.'. ar'=2a?, and ar = 0, or a' = 2, 

— 1 =fc J -^ 7 
and jr* + jr = ~ 2, whence a: = ^ . 

(Ex. 11.) Let jr*-8a:'+10ar' + 24j: + 5=0, 

the first and second terms are the same as those of {x- 2)% 
and (:c-2/ = a?*-8j:^ + 24x'~32a? + l6 

= a:* - 80?" + 10«* + 24ar + 5 + 14a;* - 56ar + 11 

= 14ar' .- 56x + 11 = 14 (j:»+ 4a:) + 11. 

Let J? — 2=^; .*. a? =^4- 2 and a:*-4a?=^*— 4; 

.-. y=14(y*-4) + ll; 

.-. y-14y + 49 = 11 +49 -56 = 4; 

.-. y = 7 ± 2 = 9 or 5 ; 

.•. ^ = ± 3 or ± ^5, and a? = 5 or - 1, or 2 ± JZ. 

(Ex. 12.) Let 3 ^1 1 2 ^8^ = 19 + Jsx + J ; find ar. 

Let3ar + 7 = ?<; .'. a: = ^^^; .-. Il2-8x=?— J^; 

«i 3 

.-. 1176-24M = 361 4-38 ^w + «; /. 25m + 38^=815; 
whence Ju = 5; .*. u = 25 and x = 6. 

(Ex. 13.) Given {(a? - 2)* - a;}* - (a? - 2)^ = 90 - a? ; find ar. 
Make (a^-^y-x^u; .-. {(x ~ 2)* - a?}* = w« ; 
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Ill 



Let« = 10; .*. (*-2)'-4:=10; .•,x = 6or-l. 
If« = -9; .-. (j;-2)'-ar = -9 andx= ^°^V~ - 



(Ex. 14.) Leta:*+4*' + 4dr + l=-^; findo:. 



Divide every term by a?*; 



or \ xj 4> 



Let or + - = K ; .•. a;* + -5 = w* - Jsi ; 

.'. tr— 2+4m = --; .*. fr + 4M+4=---; 

4 4 



.-. M = ±--2 = - or- —-. 
2 2 2 



T^ 1 .'j 



Ita: + - = ----, 

a: 2 



we have or = 2 or - . 

2 



we have 



-13 ±7143 
^ = ^ - 4 • 



EXAMPLES. 



c/. (3 



a?* +80: =20 

0?* + 16a: = 80 

ar» + 7ar =78 
ar' + So? =28 



a?* -100? = 24 



a!*-8a? =20 
a^'-Bx =6; 



.'. a: = 2 or — 10. 



/. ar = 4 or — 20. 



.'. a: = 6 or — t5. /3 
.*. a: = 4 or — 7- 



/. a: = 12 or — 2. 



.'. ar= 10 or - 2. 



.'. X = S OT — \» 
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/(8) 


«' + X = 30 ; 


.*. jr = 5 or - 6. 


o/.(9) 


gx' + p* =4; 


.-. x = 4 or-|. 


^(10) 


- x*+33x = 272 ; 


.'. 0? = 17 or l6. 


din) 


«' + 25j;= f550j 
j;'-1000ar=H[27500,- 


.*. jr = 25 or — 50. 
.-. jr=^5ftor + 150. 


^. (13) 


6 


2 3 


«?r(i4)' 


4a;"-26ar = 2ar-48; 


.•• x = 4 or 3. 


/(15) 


3a?«-.30a: = 9(^- 12); 


.'. a: = 9 or 4. 


/(16) 


1737'- 19^ = 30; 


15 

.". ar = 2 or — tt • 


4?. (17) 




.c .•. 4? = 2 or 4. 


/(1 8) 


a:' ~ 4 jr = - 1 ; 


.*. x = 2^j3. 


0^(19) 


3ar* + 5x = 2; 


.•. a: = J or — 2. 



^(20) 4a7-3j;* = 6a?-8; .-. j: = 5or-2. 



4ar 2ar^ lOo? 20 



^ 6 

.•. 0? = - 5 or s. 



/ . . 4ar 2ar 

oZ. (21) 'y'-3"=^3--y> -^ ^' 7 

-^/^^N 65ar lOar^ 13 2a? , ^^, 

"^•(22) -2 Tl "T'Tl' .••^ = ior35|. 

<5^(23) — ^ = #^; .•.a? = 12or-2. 

'^ ^ a: + 8 2a: +1' 

/^.x a: + 3 a:-4 ^ 4a: + 7 

(24) -+ — T- = 2 + , ; .-. ar = 9or-S. 

^- ' a:— 4 4 5a: 

-^-(^^^ JT6d-sF^' .-.-^=14 or -10. 

^(26) X+ =3a:-4: .•. x = 5ot-^. 

.r— 1 



r 
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X+3 ^ X 23 



^(87) q« + 7. 



a? x + 3 4 ' 



.'. 4?= 4 or?. /. 



# 
•^(29) i-Zl + i«4 = 2^,; ••. x = 8or-.l. 

^.(30) 0.4.1=^; .... = V3or-^. 

z7/ot\ 2« + 3 2x 13 „ oo 

•^-(^^) T03^=2533:i"T' •••' = 8orl33^. 

X + - 1 + - 

^(34) i + ^ = -j; .•.a? = 3or-J. 

a: 1 

X X 

^^^^^ Tn^irr^^^Z^^' •••* = -3549 or -1.5367. 

- v 

>'/'o«\ 3*-2 . 2«-l „ 50 
^ (30) + — T-- =6 + -5— ^ -', 

.-. « = 10or-9. 
^^'^^ 7+2" x~i' .•.x = b*J'ab + b'. 

o/:(38) .jTTa-j^rb^jii; ...*^f±**y?l±E. 
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^.(40) o^'+f 73ar» + Sar=l6-ar; 



,',x = 3, or -4, or- i^ '^V ' 



-/. (41) a^-Sx-^-J Jna:-'2x' + 2=^ ^ + 21; 

.'. a? = 2 or - or ^^4 • 

2 4i 

^ (42) a:» + a:+2^i*T^+4 = 20; 

. -1^129 
/. a: = S or — 4 or ^ — -• 

2 

4 
0^.(43) 7^ + -7== 5; .'. ar = l6orl. 

a^.(44) 6^ + ^ = 5VriyrT?; .'. x^^Jl.fT ^^ 

V*-l /^jr + l 2 9 

0^,(46) or* -25a;' = -144; .-.« = =»= 3 or ±4. 

<,/;.(47) a?*-7ar"=8; \\ x = ^2 J2 or ^ J^. 

<yr. (48) 0?* - (2 6 c + 4a') a:' = - ft V ; 

/ji= ds »Jbc^2 a''^2a Jhc + a*. 



c/(49) 5a:* + 7a?' = 6732; .\ a? = ±6.^.±j|E 



ft<:^(50) p*""- 11^ = 488; .-. ar = 2 or ^-^ . 

o^ (51) a;« - al = 15500 ; .-. a: = 25 or (124)*. 

i/. (52) 8^^+21 V^= 74; .-. a? = 16 or ^) . 



8y 

o^ (53) a:^ + al = 1056 ; .-. a: = 64 or (- 33)'. 

.3^(;^4; J-iJ^-^112; .-, x=:%oT^-\4^*. 
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^^{SSi) a:' + 4jr + -5 = ; .-. «=:2, or 1, or - — b • 

(59) -i - + -j==^=z = —-; .•.ar=4or-— . 



(60) {(j: + 3)* + or + 3}' - 7 (j? + 3)' = 7 1 1 + 7 ^ ; 

.-. ar = 2or-9. 
4 ^ 12 

-; +00? 4- 

X X 



jf 4 13 

^(61) ar*+-^+6a: + — = 23; .-. x = 2orl. 



(62) ^a:+784--yar-208=8; .-. « = 2l6 or - 792. 

Jed 

*f.(64) a:»-2ar = 4; .-. x = 2 or - 1 >fc V"-^- 

(65) 2a?»-a:« = l; .-. ar = 1 or i(- l=by~-i). ' 

(66)' j:*-3jr=2; .-. a: = 2or-l. 

(67) ?jLi+Z.i±J:=i3; .•.a: = 4ori. 

^ ^ Jx 

<»/.(68) x*-2a:«-2a?«+3a: = 108; 

.-. a: = 4, or - 3, or ^- — 

-/(69) (a?+2)» + (ar+2) = 20; .•. « = 2or-7. 

(70) -^+-^^=:..— ; ...a: = 12or-3. 

^ ^ a: + 4 ^a.+ 4 « 
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(72) ?^J^ + s'"--^$ = 4; .-.* = !. 
Zx-^x Zx + ^x 



(73) (^-4)' + 2(j;-4) = --l; .-. a: = 2 or2±V3- 



x-3 = ^±±^; .•.* = i(7='=^/i3). 



(74) 



QUADRATIC EQUATIONS INVOLVING TWO OB MORE 

UNKNOWN QUANTITIES, 

98. These may be divided^ as quadratic equations with 
one unknown quantity have been, into two classes: 

(1) Pure Quadratic, 

(2) Adfected Quadratic Equations. 

99. Pure Quadratic Equations may in general be re- 
duced to the solution of one of the pairs of equations. 

(1) • (2) (. (3) 

xy = h^ xy = b^ X — ^ = c. 

Our attention therefore will be directed to the solution 
of the two former: since that of the third is sufficiently 
obvious. 

(Ex. 1.) To solve x+y = a, and xy = b.; to do so we 
shall endeavour to obtain x — y. 

Squaring the first equation; 

.'. x^ + 2xy +y'-a', 

and 4fxy =4ft, multiplying 2nd by 4; 



.*. x' - 2xy + y' = a' ^ isb, by subtraction, 
^'' (*^ ^)' = fl*-46; 
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.'. x — i/ = fja'-'4ib. 
But x-\-y= a; 

.'. ^x — a+Ja^ — ^b, 

whence x and y may be found. 

In a similar manner the equation (2) may be solved^ the 
only difference being, that since x + i/ is to be found, 4.r^ 
is added to the square of x—y; for 

{x-^-yy^ix-yy-^-^xy. 

(Ex. 2.) To solve x'+y'=^d', and x+y = a; 

.•. Ji^ + 2xy +y^ = a' (1). 

But xU y' = d' (2). 

Take (2) from (1) .-. 2xy = a'-d' (3). 

Take (3) from (2) .-. x^'-^xy +y'' = 2d' - a» ; 

.'. x-y = j2d'-a^, 
and X +y = a ; 

.'. 2x = a + j2d'-a', and 2y =a'' J2d'-a'. 



(Ex. 3.) Solve the equations x' + y^ = J 3, and x +y = 11 ; 

.•. x' + 2xy+y'=121 (l). 

But ar" . +/= 73 (2) ; 

.-. 2xy= 48 (3); 

.'. ar"-2jr^+^*= 25; 

•. x-tf=^5, and ^+^ = 11; /• a = ^ ox ^> ^(=^ ^"^ '^* 
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(Ex. 4.) Given a?* +^ = 85, and a:^ = 42; find x and y. 

. (1) Add twice the second to the first; 

.•. x' -{-2x1/ + 1/*= 169; ••• a?+^=«*=lS. 

(2) Subtract twice the second from the first; 

.\ x' — 2x1/ -h 1^ = 1 ; .*. 4?— ^ = »fcl; 
.«, 2x = ±14; .*. x = ^7, and 2^=±12; .•, ^=±6. 

(Ex. 5.) Given x-hy-SO, and xi/=209; find j: and y; 

and 4.r^ =836; • 

.•. x'—^xi/ + 1/'= 64 ; 

.'. a?-^ = ±8, and x+y = 30; .•. 2j: = 38 or 22, 

and 2^ = 22 or 38; .-. jr = 19 or 11; ^=11 or I9. 

(Ex. 6.) Given a:®+y = 91, and x + i/ = 7; find a? and ^. 
Divide the first equation by the second; 

.'. ar*-a:^+y=13 (l). 

But ar^ + 2a:^+y = 49 (2), by squaring 2nd. 

Subtract (1) from (2) .-. 3xi/ = 36; .'. xi/ = l2 ... (3), 
Subtract (3) from (l) .'. x'-^xy + i/^=l; 

,\ J?— ^==tl, and x + y = 7; 
.-. 2x = 8 or 6, 2^ = 6 or 8, a: = 4 or 3, y = 3 or 4. 

(Ex. 7.) Given ar* + ar^ +y = 91, and x + Jxy -hi/ = 13. 
Divide the former by the latter equation; 

.-. x-J^+y^ 7 ...,.• 0)- 
But X + Jxy +^ = 13 (2X 

Take (1) firom (2) .-. 2,^ = 6 ...... (^^^\ 
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j:' + 2ir^+y= 100, 
Square (3) .*• ^xy = 36; 



-•. 2« = 18 or 2, 2^ = 2 or 18; .*. x = 9 or 1^ ^ = 1 or 9. 



(Ex.8.) Let «< + ^5=6, and ar' + ^=12W find x and ^. 
Divide the second equation by the firsts 
jji- .t< ^5 + ^5 = 21 (1 



1 1 



But :c« + 2a?'^?+^' = 36 



(2 



1 1 



1 1 



.% 3j?'y=15; ,\x*i/^=5,/.,.,(3). 



1 1 



Take (3) from (1) .-. a^-^x* ^ + fJl6; 

1 1^ 1 

.*. 3s* — i/^=^ 4, and x^y^ = o ; 

11 
.•. 2j:'=10 or 2; .•. x^ = 5 or 1; ,•. ar = 62.5 or 1, 

1 1 

2y3=2 or 10; .•. ^s-j or 5; .*. ^=1 or 3125. 

(Ex. 9.) Given (a?-^) (^*-y) = I60, and (j: +^) (a?* + y) 
= 580, find X and ^; multiply both the equations out; 



or' + or*^ + ory + y = 580. 



0) 

(2). 



Take (1) from (2) ,-. 2jr'y + 2«y=420....(3). 
Add (S) to (3) .: «»+3a'y + 3Ji:jf +ij'=\«ft. 



18 
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Extract t 
From (3; 
Whence fr 



be root; .•. ar + ^ = 10. 

r+.^ = 10, and xi/ = 21, we have « = 7 or S,j 
^ = 3 or 7. 



ADFECTE 



DRATIC EQUATIONS INVOLVING TW< 
UNKNOWN QUANTITIES. 



100. EquJEons of this class are frequently very 
cated ; we shall confine ourselves to the more simple 
such equations are commonly solved, by substituting in 
of the equations the values of or or 1/ obtained from the oi^ 
equation; the ploblem is then reduced to one, in which 
single unknown 'i^^^^^tity is to be found. 

(Ex.1.) Let 3a!'+2a:i^ + 2x = 20, and5ar-3^ = 7. 
From the 2nd, Sy -^x — 'J ; .•. xy —■ — . 

Substituting for xy in the first, we have, 
10ar'-14a? 



Sx'-^ 



3 



+ 2j: = 20; .-. 19J?*-8a: = 60; 



30 , , 283 

.-. a=2 or - — , and y=l or - -^• 

(Ex. 2.) Let 5a: - 2^ = 4, and 4a;* - 3^ = - 11 ; find x 
and ;y. 

From 1st, «=— ---2; /. y® = — ; 10a? + 4; 



.'. 40?" - 



75 or' 
4 



+ 30a;- 12=-11; .-. 59a?^- 120a? = - 4; 



o 2 , „ lis 

.'. x = 2 or — , and j^ = 3 or --^• 

Sometimes however particular methods are more useful^ as 
we shall see in the following examples. 



1 
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(Ex. S.) Given ar* + y = 17^ and x +5f = i 
Raise the second equation to the fourth |pow 

But jp* +y=*j 

/ 



4 j:^^ + Oor'y + 4 ar^ 
or xi^(2a!'+ 3xy-\- 2y 



•) J. ...(fj: 



Take twice the square of the second, and multiply by xy ; 

.'. x^(2ar*+4a'^ + 2y)= 18*^ (2). 

Take (1) from (2) .-. xyy.xy= ISxy - 32 ; 

••. {xyY- ISxy + 81 = 81 - 32 = 49 ; /. xy = 2 or l6 ; 
and ••• x + y = 3, i£ xy=^2 ; a: = 2 or 1,^ = 1 or 2 ; 
if we take 0*^ = 16, the values of x and y are impossible. 

(Ex. 4.) Given a;' + y' = 33, and x +y = 3 ; find a: and y. 
Divide the former equation by the latter; 

.•. x^-x^y + x'y'-xy^ + y^^U (l). 

But X* + ^x^y-h 6x'y^-h4,xf+y*= 81 (2). 



Take (l) from (2) .-. 5<y + 5a:y+ Bxf^ 70; 

.•. xy (x' + ^^ + y) = 1 4. 

But ar'+2jr,y + y = 9; •'• ar* + x^ +y = 9-ary; 
.-. xy (9 - a?5^) = 14; .-. (a:^^)' - gxy = - 14 ; 

9 5 
•"• ^^-9*9 = 2 ^^ 7> and •.• x + y = 3; 

.'. taking xy = 2y we have 05=;^ ot \, y=-\ cpt SL. 




_-.ONS. 



a? + ^ + Jx + ^ = 12, and or^ = 20 ; find x 



are of the former equation by adding \ ; 



andi^A. 
f i 




, 1 1 40 



4 4 



7 1 o 
y = =fc---^3 or -4; 



= 9 or 16, arid a:^ = 20, 
id or^ = 20 ; a: = 4 or 5, ^ = 5 or 4 ; 
from a: +^ = l6 and xy = 9.0; a? = 8 =«= ^/si, ^ = 8 =f i^iil 



(Ex.6.) Given ^ + ^+-+^ = ?i?^, and a:'+y=20. 



mem- 



Since { - + '^ j = --5+ 2 +'^; add two to each of the 

bers of the former equation, and then \ to complete the 
square ; 

" Vy x) \y x) 4 ~ 4 4 ~ 

X y ^15 7 

• -+^ = ±3--=- or -^. 



2 2 



2 



Let - + ^ = - ; .•. '2- or 



20 5 

y X 2' ' ' xy ^ ^y 2 ' 

.•- xy = 8, and 2ar^=l6; 
.'. a:'+2a?^+y=36, and jr*~2a?^+y=4; 
.'. a?+^ = ±6, and a: -^ = ±2; .«. a: = sfc4, ,y = =fc2. 

(Ex.7.) Given 3x^-\- 4fi^=7xy and or' — ^=^^*> 

« 

7 4^^ 

.-. 3x'-'7xy = ^4^y'; .'. x* - - or j^ = - -|- ; 



w- 
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12& 



.7 , 49 . 49 . 






/ 



But from the second equation^ x 



.-. 7*(*-.y) = 



% 



•*• 1^ X y> 



4v' 4y 

• • * — g^ "■ 3 * • • Jf — "^J •• 



From Jf=^ we have ar-^ = 0; .•. 

4P = 0. 



< 



/. 



^ 



'. ^4o, and 



101. When the equations are homoge&ous^ i. e. when the 
sum of the indices of the unknown quantftes is the same in 
every term, it is frequently convenient A substitute vy for 
lone of the quantities as x, and then either by dividing one 
of the equations by the other or by other obvious methods, 
an equation will result involving v only. 

(Ex. 1.) Given aa^+hxy-c, and «i a:* + b^if = Ci* ; find 
X and y. 

Let x = vy ; 

.% av^T^-^hvy^-c (l), and a^v^y^ +h^^=c^ (2). 

Multiply (l) by c^, and (2) by c, then 

* Letters marked as a^, ^i, Cj, and which are read a one, b one, c one; 
are frequently made use of in long and complicated expressions, for the 
symmetry which they give to the results ; but they have no value different 
from that of the letters which are without a mark. 

6—2 
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a quadratic f^juatilh from which v may formed^ and there- 
fore y and df. 

(Ex. 2.) ^-Sarj^ + 4/ =24, 3ar»- 5^ = 28, 
x = vi/; .•'..(8i;*-.Si; + 4)y=24; (S«'-5)y=28; 
.J|7i"x (2»"- 3v + 4) = l68 = 6y (3«»- 5); 
jp'-21t; + 28 = 18t;'-30; .-. 4t;»+21« = 58; 

'^i. « « 28 28 , 

whence © = 2; •*• / = si;^!^ = y = 4 ; 

.'. ^ = ± 2 and or = r^ = ± 4. 

(Ex. 3.) Given ory + a:^^* = 1 56, and 2 a?"/ - ar*/ = 1 44. 

' Here substitute for ^ instead of Xy as the equations for v 
will be more simple; .*. make i/ = vx; 

.'. x\{v'' + v*) = 156, and a:'. (2«»-i;'') = 144; 

.-. =-— = ---; .-. 12i;'+ 13t;=14; 

2-'V 144 12 ' 

2 
whence « = J , and or = 3, and . ^ = 2. 



v:(i) ^+y=549 



r*+y = 549| 
^'-y= 99]' 



a/: (2) a:+j^= 41; 
xy =420; 

/. (3) x-^=5; 
xy =36; 
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ar = ±18. 


•; 


^ = ±15. 




a: = 21 or 20, 




5^ = 20 or 21. 




a: = 9 or -4, 




y=4 or -9. 



EQUATIONS. 






.^(5) 



X (6) 



^(10) 



^.(H) 



-/.02) 



•/ (U) 






^(7) *•+/ 



*^ 



= 113, 
= 56/' 

_97l 
"36 



/.(8) **-y=99 



^(9) «*-y=105 



x-y =7 

*+y=ll 
«*+y = 407 



-ir=99| 



or'+y* : «•— y :: 9 • 7 
a^y—tfx^ l6 



}^ 






*y 



^(13) y + xjy = 9.i 



«!y+y=225r 



1 1 

- + - 

1 l^ 



5 ^ 
6 

13 
36 
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ar=Tl or J), 
^ = 9 or 11. 

ar=15 or -13, 
5^ = 13 or -15. 

J^=*7. 



* = - or - , 
2 3 



y=3or-. 



X 

y 

X 

y 

X 

y 

X 

y 

X 

y 



18, 
15. 

11, 

4. 

7 or 4, 

4 or 7. 

2. 



4, 
2. 

= 4, 
= 9. 



or = 2 or 3, 



^ = 3 or 2. 



>k5f" 
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^(15) a:" + y roTj^:: 13: 6J a?=*6. 



\- 



^(16) a:* + / = 10011 a:=10 or 1, 



r = 10011 
^' = 110 J' 



J!r'^+a:y = 110 j ^=1 or 10. 

•^(17) a:^-y*=23751 a: = 15or-10, 

a?-^ = 5 J' ^ = 10 or -15. 



'^.(18) a:»-y=105| ar=llor-4, 

a:^=44? J' ^ = 4 or —11, 

c/ (19) (a: + j^)(ar«+y) = 520| ar = 6or4, 

(x-t/) . (ar'-^') = 40 j ^ ^=4 or 6. 

/(20) a:* + a:^+y = 91J « = 9 or 1, 

y = 1 or 9- 

/ (21) a:" + ar^ = 45001 « = 50 or 40, 

^^ +y = S600j ' y = 40 or 50. 

X^ (22) a:* + ai/ = 84J * = =fc 7, 



a:* + a:j^+y = 9n 

rf + a!i/ = 841 
a:«-/ = 24j' 

= 1521 

=19 r 

ar+^ = l6 J ' 



1^ 



y = ±5. 



^(23) a:^ + /=152l a: = 5or3, 

a:'-ary+y*=19 j' ;y = S or 5. 

^ (24) a;* +/ + xi/ = 208] or = 12 or 4, 

;y = 4 or 12. 



«^f(25) »r'-/ = 7J?^) a? = 4 or -2, 



a? -^=2 ) ;y = 2 or — 4. 

.^,(26) ^«2! = 8|] a? = 3 or-1, 

^-.j^ = 2 J t^=l ot -^. 
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: (27) 2a:-Sj^ = 2 



d? = 4 or -3, 

8 



J. (28) a?-^ = V^+^| 

8 






g/(29) ar«+y + 7^Vp = S0 
X •¥ y : xy :x ^ : 12 

•^ (SO) a?*^ + ar/ = 30] 

1 1^5 
x 5^ ""6 



}■ 



^(31) 



ar'+y = IS J 

a?-y = 2081 
V ar — sjy = 4 J 



«/. (33) a:* + y + or +y = 9221 

^/^ = 20 j' 

^(34) ary=180-8a:j( 

x-¥Sy= II 



^.(35) §+2 = 8 
Yxy = 6 



0/1(36)1 x + y + Jx+y=12\ 

^+/ =41j' 



i^ = 


= 2 or 


** 
~3' 


a: = 


= 16 or 9, 


J^ = 


= 9 or 


16. 


a: = 


= 4 or 


3, 


i^ = 


= 3 or 


4. 


a? = 


= 3 or 


2, 


y = 


= 2 or 


3. 


a: = 


= 16, 




j^ = 




1 


0? = 


= 216', 




^ = 


= 8. 




*r = 


= 25, 




i^ = 


= 16. 




a: = 


= 5 or 


6. 


^ = 


= 2 or 


5 
3' 


x = 


= 2 or 


7' 


,y = 


3 
= 7 or 


€.J 


ar = 


= 5 or 


4, 


S^ 


=^\i ox 


5. 
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(37) 5xi/-h3x + 7i/ = 639 



(38) 



y 



X 



(39) ^ 



5ar-. 7^ = 19 1 
V-5/ = 403j' 

+y + a:+^ = 330l 
-y^ + x-y^ 150j ' 



(40) a:*+y = 337 
x+y = l 



\- 



(41) ;c*+y = 31571 

(42) ;r+^ + ar^ = 34| 
ar* + y' - X —y = 42 j 

(43) ^^(a:«+y) = 300l 



-■^1.^. ■ 



"• 71 

a: = 12 or --if-, 
5 



213 
10 



^ = 9 or - 

y = S. 

a? = 15 or -l6, 
^ = 9 or - 10. 

a: =4 or 3, 
^ = 3 or 4. 

a? = 5 or 2, 
^ = 2 or 5. 

x — 6 or 4, 
^ = 4 or 6. 

j: = db4 or «t,y— 3, 
^=:ak3 or =t^-4. 



(44) x + Jl-y'^l 
y + Jl-a^=j3 

(45) arj/(a?V/) = 1820 



j;+^ = ll j 



(46) a:^-/=19 
a: ^ __ ^ 



X=-r 



1 

2' 



3^ = ^ 



7! 

2 



X 

y 



7 or 4, 
4 or 7. 



ar = 2, 
y = 3. 
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(*7) x-k-y^xy 

(48) ;^+^ = l 



\- 



« = 3 or I, 






^ +y* 



(49) Jr*+/ = 341 
x^ — xy 



r»+/ = 34| 



(50) ar* + arj^ = 66| 



(51) a:" + 3ary+4y"=14] 
3a:"+ 4a:^+ 5^ 



+ 4y"=14| 
-f5y = 25J' 

= 84) 
= 49/ '* 



(52) a:*-a:"+y-.y=84 



(53) 2 + -?^ = ?l::^ 

X x + y y 

X x-\- y ^ y 
y X " X 



i 9 



3 



^ = 5 or 3. 
x = 25, 
5^ = 32. 



X 


= 5, 


.y 


= 3. 


X 


= 6, 


y 


= 5. 


X- 


= 2, 


y 


= 1. 


X' 


= ±3, 


y-' 


= ±2. 


X- 


5 
"3' 


y- 


5 
^6- 



(54) aTf^a 



(55) a^ + y'^ 



820 



(56) 



^'-y=9 

f-j:-^s=20 J' 






i-V"'- 



j: = ±5, 
^ = ±4. 

a? =8, 
3 = ^- 



"j» 



^k— ^ 
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(57) 2y = a?^ + 2 ] a? = »fc3. 



V 



}■■ 



4ar* = a:3^ + 30j ^ = =^2, 



(58) 1^-H£=6 

1/ m7 



120 120 f' 

^+ 1 a:+l ~ J 






(59) 5 + ^/^= 4 + V.!^ + 21 a? = 4, 

8+a; = ^128+64,yJ !/-h 

(60) a;' + 2/ = jr^+ 2 arj/ J]l\ I/ = ^> 



— X Jv ' j: = =*= 2. 



a:"- 2/ = 256 -a: 7^ 

(61) A'*+/ + 2" = 50 ^ a: = 5, 

y+14 = 2a:2>j ^ = 4, 

52: = 3a; ^ 2 = 3. 

(62) a: +5^ + 2 = 21 ^ ar=l, 
ar : ^ :: y : 2 



2 



= 16. 



(63) a;i/ + xz=: 80. a: = ±8, 
a:j/+y2 = 72l; ^ = =*=6, 
a:2+^2 = 56J 2 = ±4. 

(64) a:' + a?j^ + a;2 = 20i a: = ±2, 
/ + a:3^+^2 = 30>; j^ = =*=3, 

2* + 2^ + 20? = 50* 2 = sfc 5. 



(65) ^:?^=4^, -^ = 3f, ^ = 4; 



.-. d:s=«b2, S=i^3, ^i^'^Aft. 
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PROBLEMS PRODUCING EQUATIONS. 

• 

102. When a problem is proposed^ the first thing to be 
done is to express its conditions in algebraic language, and 
then from the given relation between the unknown and 
known quantities of the question, to form an equation or 
equations; this being effected, the unknown quantity or 
quantities must be determined, and then the solution of 
the problem is completed. 

So that in every problem, there are two distinct opera- 
tions to be performed. (1) To make the equation or equa- 
tions. (2) To solve it or them when made. 

The latter, which is generally the less difficult task, has 
been already abundantly illustrated ; of the former we pro- 
ceed to give examples. 

■ 

PROBLEMS PRODUCING SIMPLE EQUATIONS. 

(Ex. 1.) Find that number to which if 80 be added, 
the sum shall be 5 times the original number. 

Let X be the required number; 

.'. a: + 80 = number + 80 ; 

.-. J? + 80 = 5ar ; .\ x = 20, 

and we see that 20 + 80 = 100 = 5 x 20. 

(Ex. 2.) Two men, A and B, are partners in trade and 
gain £267.; A*3 gain is twice B's; what is the gain of 
each ? 

Let x = B*s gain; 

/. 2x = A's gain; 
.*. a: + 2 a? = the whole gain = 267; 
.•. « = 89 and 2jr = 178; 
.*. J's gain 18 £178., and B'a gain U £.%^. 
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(Ex. 3.) £1100. were divided among 4 persons A, B, 
C, D; B had twice as much as A; C as much as A and 
B; D as much as C and B ; what had each ? 

Let X be what A had; 

.*. 2x = B'a share^ 
3x = Cs share, 
5x = D*s share; 
.% x + ^x-{-3x + 5x- llx = 1100; .*. x = 100; 
.*. £100., £200., £300., and £500. are the respective shares. 

(Ex. 4.) Find two numbers whose sum is 30, and dif- 
ference = ^ the less. 

Let 2.r be the less ; .*. 30 - 2a? = the greater ; 

••. 30 — 4 J? = the difference = i(2x) = x ; 

.-. 5x = 30; .-. X = 6; 2x = 12, and 30- 2x = 18, 

and the numbers are 12 and 18. 

(Ex. 5.) A and B start from two towns which are 
216 miles apart, with the intention of meeting; A travels 
20 miles and B I6 miles each day. In how many days 
will they meet? 

1£ X = the number of days required, 

20cr = distance travelled by A, 

16a: = that by B; 

.-. 20a? + iGo: = 2l6; .*. a: = 6. 

(Ex. 6\) £5800. is divided among A, B, C; B's share 
amounts to |rds, and C's to |th8 of what A had. What 
js each share? 
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y 

Let j?« A*^ share; 

.•• — and — are J5's and C's respectively; 

••• ^ + -17 + -^ = 4*800; .-. 290* = 12 X JsOO; 

.'. X = 2400 = A'^ share, and £l600. and £l800. are JB's 
and C's shares. 

Another solution which avoids fractions. 
Let I2x == A's share; 

.*. Sx and 9* are -S's and C's; 
.'. 12a? + 8ar+9ar = 29aJ = J&OO; .'. or = 200; 
.*. £2400., £l600. and £1800. are the three shares. 

(Ex. 7.) A and B together can reap a field of corn in 
12 days ; A alone could do it in 20 days. In how many 
days could B alone reap it? 

Let W = the whole work done ; 

W 
.-. — = the part which A and B together can do in one day, 

Jl/S 

w 

and — = the part done by A in one day; 

W W 
.*. = part done by B in one day. 

Let X = number of days in which B can alone reap 
the field; 

.'. — = J5's dav's work ; 

X 

WWW 111. 

'13 20- x' ■• la ao x' •'*-*^- 



s 
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(Ex. 8./^^ One hand of a watch makes a revolutimi in 
a hours, the dther in h hours; if they both start from the 
same pointy when kill they be again coincident? 

Let C = circumference described by the hands of the 
watch ; 

C C 

,'. — and J respectively equal the spaces moved over by 

each in an hour; 

C C 
.*. y = the separation in an hour, 

and i- = 2 hours, 

a b 

and 5- = X hours, 

a 

but when this arc is equal to the circumference they again 
coincide; .*• x may be found from the equation; 

xC xC ^ 
•• a b -^' 

XX. ah 



I • ~" "— -J" — 1 , • • mT — 



a b * b—a 

Ex. If the hands of a watch are together at J 2 when 
will they be together again? 

Here a = tl and 6 = 12; /. a: = — = 1 x\ of an hour. 

The same method is applicable when the hands do not 
start from the same point. 

(Ex. 9.) A cistern can be filled by 3 pipes ; the first will 
fill it in 80 minutes, the second in 3 hours and 20 minutes^ 
and the third in 5 hours, in what time will it be filled, if 
the 3 pipes are opened at once? 

Let ^=the capacity of the vessel; 

X = the time in minutes of filling ; 
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W 

.*. — = the quantity poured in by the 3 pipes in a minute; 

X 

W W 

and — = quantity by first pipe, — - by the second pipe, and 

W 



300 



by the third pipe; 



W JF W _ W 

''' SO "^ 200 "^ 300 ~ x' 

•'* x^^oU"^ 80"*" 15/ 20"" 60~48' 
.*. a: = 48 minutes. 

(Ex. 10.) There are two numbers in the proportion of 
2:3; but if 24 be added to each, their sums will be as 
8 : 9. 

Let 2 J?, and 3j; be the numbers. 

Then 2a?4-24 : So: + 24 :: 8 : 9; 

.•. 18a: + 2l6 = 24ar + 192; .-. 6j? = 24; /. or = 4, 

and the numbers are 8 and 12. 

(Ex. 11.) A mass of copper and tin weighs 80 lbs. ; and 
for every 7 lbs. of copper there are 3 lbs. of tin ; how much 
copper must be added to the mass, that for every 11 lbs. of 
copper there may be 4 lbs. of tin? 

Let 7x and 3 or be the original quantities of copper and 
tin; 

/. 10j: = 80; .-. x = 8, 

and 56 and 24 are the lbs. of copper and tin of which the 
mass 80 lbs. consisted. 

Let y = the copper to be added; 

.-. 56 + y : 24 :: 11 : 4; 
.'. 224 + 4^ = 264; .•. 4^ = 40; .•. ^ = 10, 
i. e. 10 lbs. of copper must be added. 
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(Ex. 12.) A bought eggs at ISd. a dozen^ but had he 
bought 5 more for the same money, they would have cost 
him 2^d. a dozen less; how many eggs did he buy? 

Let x = number of eggs he bought ; 

18 JT 

.•. 12 : a: :: 18 : -—— = money he paid, 

and 12 : X + 5 :: 15^ : 31 ^-—^ = money paid on second 
supposition. 

But the money is the same in both cases; 

18ar 3l(jc + 5) ^^ 

,-. -^ = — ^T — -; .*. 3oar = 31x+ 155; .*. jr = 31. 



(Ex. 13.) A and B have together £9800. ; A invests the 
sixth part of his property in business, and B the fifth part, 
and then each has the same sum remaining. How much 
has each } 

Let 6x and 5i/ represent A' 8 and B's property; 

.*. 6x — x=5x = A*s property after investing the sixth part, 

By—y ^A!y = B's , fifth part; 

.-. 6a; + 5^ = 9800, 

and 5x = 4^; 

.-. X = 800, and ^ = 1 000, and A has £4800. and B £5000. 

(Ex. 14.) A and B can do a certain work in l6 days; 
they work together for 4 days, when A turns idle and B 
finishes it in SQ days more; in what time would each do 
it separately.^ 

Let X and y be the days in which A and B would per- 
form the -worli alone, and let W be the "votV 



. \ 
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W W 

Then — + — = the part they would together perform in 

one day 

W 

111 /,\ 

X ^ lb ^ ^ 

But + + = W; 

X y y 
, 1 1 9 _ 1 fa\ 

X y y ^ 
Take (1) from (2) /. |=l-^ = ^; a ;y = 48, 

''''^ *= 16 "48^48^24' •*' ''"^** 

(Ex. 15.) There is a number consisting of two digits^ 
which if divided by the sum of its digits the quotient = 4 ; 
but if 27 be added to it, tlie number will be inverted. 

Let X be the digit in the ten's place, 

y unit's place ; 

.% 1 a: +^ = the number, 

and ^ = 4: .*. 2ar = y. 

x + y ^ 

And 10a: +y + 27 = lOy + x; 
••• 9^-9^ = 27; .-. ^-a? = S; 
.•. x^S, y = 6, and the number is 36. 

(Ex. l6.) There are in three boxes A, B, C, 162 so- 
vereigns^ and in order that there may be the same sum in 
each box, I take out from A^ and "puV. VoXi^i "B «w^ C,\NsSi& 
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o/". (9) A had £lOO. and B £48.; B gave a certain sum 
away and A twice as much^ and then A had three times 
as much as B had. What did A give away? 

Ans. £88. 

oL (10) A sum of money is to be divided among 5 persons, 
A, B, C, D, and E; B received £lO. less than A; C £l6. 
more than B; D £5. less than C; E £l5, more than D; 
and the shares of the last two equal the sum of the shares 
of the other three. Find the whole sum, and how much each 
received ? 

Ans. £ll8. = whole sum. The shares are £21., £ll., £27*> 

£22. and £37. 

^^ (11) A person bought an equal number of sheep, cows 
and oxen, for £660., each sheep cost £3>; each cow £12.'; 
each ox £18. Find the number bought of each? 

Ans. 20. 

oZ! (12) How much tea worth 4j. 6d, per lb. must be mixed 
with 50 lbs. of tea worth 6^. per lb., that the mixture may 
be worth 5s, per lb.? Ans. a? =100. 

c^ (13) Find a number^ such that if it be added to its 
half, the sum shall be as much a]3ove 80 as its third shall 
be below SO. Ans. 60. 

1^. (14) A man by his wiJl left his property among his three 
sons, in the following manner; the eldest to have £l000. 
less than the half, the second £800. less than the third, 
and the youngest £600. less than the fourth of the pro- 
perty. Required the whole property and the portion of eacl\ , 
son? 

Ans, Whole property £28,800; the three shares were, £13,400., 

£8,800., £6,600. 
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o/?-* (15) Find that number, to which if 15, 27> and 45 be 
added, the first sum shall be to the second as the second to 
the third? Ans. 9. 

^^ (l6) An officer wishes to form his troops into a solid 
square, but he finds in doing so, that he has 60 over; he 
then forms a column with 6 men more in front than be- 
fore, but the number of ranks less by 4, he then has only 
4 men remaining. How many had he? Ans. l660. 

>/l (17) A person in a foreign town wishes to exchange a 
sovereign for 25 pieces of the two kinds of coin used there ; 
and he finds that 30 of the one, or 15 of the other, is 
equivalent to a sovereign. How many must he have of each? 

Ans. 20 and 5. 

<3^ (18) A sum of money is divided among 4 persons. 
Ay B,C, D; A has £S000. less than the half; B, £l000. 
less than the third; C, £600. more than the fiftli; and 
X> ^rd of what the other three had. What was the property 
and the share of each ? 

Ans. Property was £12,000., and each had £3000. 

^ (19) Tea at 5*. 3d. per lb., is mixed with tea at 4j. 3d. 
and 100 lbs. of the mixture are sold for £25. 5s. How much 
was there of each? Ans. 80 and 20. 

W*. (20) A person wishes to sell a watch by means of a 
lottery; if the tickets be sold at 5s. each, he would lose 
£5. ; but if the price be 6s., he would gain £4. Find the 
price of the watch and the number of tickets? 

Ans. Number =180; price of watch is £50. 

a^ (21) A puts £5500. out to interest at 4 per cent., and 
4^ years after £8000. out at 5 p^r cent. In how many years 
will the interest received from the one equal that from the 
other sum? Am, 10. 
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/. (22) The circumference of each of the two fore. wheels 
of a carriage is 5\ feet, and of each of the hind wheels is 
7J feet; when the fore wheel has made 2000 more revolatians 
than the hind wheel, what is the distance travelled. 

Ans. 7 miles 980 yards. 






«/• (23) A cistern can be filled by 3 pipes ; by the first in 
2 hours, by the second in 3 hours, and by the third in 
4 hours. In wliat time will the cistern be filled, if the 3 pipes 
are opened at once ? Ans. In 55{^ minutes. 

jf (24) A could reap a field in 20 days, but if B assisted 
him for 6 days, he could reap it in l6 days. In how many 
days could ^finish it alone? Ans. 30 days. 

(25) A, B, C are to build a wall ; A can build 8 cubic 
feet in 6 days, -B 10 cubic feet in 5 days, C 12 cubic feet 
in 4 days. In how many days will they build a wall con- 
taining 228 cubic feet? Ans. S6 days. 

^ (26) In a bag containing sovereigns and shillings, there 
are three times as many sovereigns as shillings; but if 8 
sovereigns and as many shillings be taken away, there will 
be five times as many sovereigns as shillings. How many 
were there of each ? Ans. 48 sovereigns, and 16 shillings. 

(27) A has 3 pieces of metal of the same §ize ; 5 cubic 
inches of the first weigh 691 ^z., of the second 3\ cubic inches 
weigh 41 oz., of the third 4| cubic inches weigh 91 oz. The 
weight of the 3 is 949* oz., what is the size of each ? 

Ans. 20 cubic inches. 

(28) A, B, C engage in business and gain £5020., of 
which C receives £2570. for his share, but B contributed at 
first half as much again as A/ and C £300. more than A and B 
together. How much did each contribute? 

Ans. A £2450.; B £3675. ; C £6^9.5. 
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^ (29) 1 8ol<l A horse for £60.^ and by so doing lost 20 
per cent, on the purchase money^ but I expected to have 
made 10 per cent. For how much was the horse sold below 
its estimated value ? Ans. £22. IO.9. 

4^(30) When will the hands of a watch be together be- 
tween 2 and 4 ? Ans. l6i\ minutes past 3. 

•(!(3l) When will the hands be together again^ when one 
makes a revolution in 10 hours and the other in 12? 

Ans. 60 hours. 

<«(32) A starts from a certain place and travels 27 miles 
a day; 2 days afterwards B sets out and travels so as to 
overtake ^^ in 6 days. How many miles a day did B travel ? 

Ans. ^Q, 

^ {^^ A courier who travels 31 J miles every 5 hours has 
set out 8 hours ; when another^ who travels 22J miles every 
3 hours is sent after him to overtake him. When will the 
second overtake the first. Ans. In 42 hours. 

(34) The quantity of water which flows from an orifice 
is proportional to the product of the area of the orifice and 
the velocity of the water. Now there are 2 orifices in a 
reservoir^ the areas being as 5 : 13^ and the velocities are as 
8 : 7> and from one there issued in a certain time 56 1 cubic 
feet more than from the other. How much water did each 
orifice discharge in this time? Ans. 440 and 1001 cubic feet. 

i/(35) A sets out from London to York, B from York 
to London, A arrives in York 9 hours, and B in London 
16 hours after they met. In what time did each perform 
the journey ? Ans. A in 21 hours, B in 28 hours. 

c^ {%^ A performs a journey at a certain rate ; had he tra- 
velled \ a mile an hour quicker, he would have performed 
the journey in j oF the time; bul Yvafli \i^ \x«N^^^\^"as^«^ 
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slower^ he ivould have been 2^ hours longer on the road. 
Find the distance and his rate. 

Ans. Distance is 15 miles; rate 2 miles per hour. 

(37) A and B are in trade together^ with different 
sums; but if £50. be added to A's property^ and £20. be 
taken from B's, they will have the same sum; also if A's 
property were 3 times and B'8 5 times as great as each 
really is, they would have together £2350. How much has 
each? Ans. A has £250.; B £320. 

w^(38) A has 2 vessels with wine in them, and finds that 
jths of the first contains 9^ gallons^ less than Jths of the 
second, and that |ths of the second contains as much as 
{ths of the first. How much did each vessel hold ? 

Ans. 720 and 512 gallons. 

VT (39) There is a fraction such that if 1 be added to 
the numerator, and the numerator to the denominator, its 
value =J; but if the denominator be increased by unity 
and the numerator by the denominator, its value =f; 
find it. Ans. g. 

^ (40) The sum of two numbers is 13, and the differ^ 
ence of their squares —65; find them. Ans. 9 ^t^^ 4* 

«/! (41) A grocer has two kinds of tea, 8 lbs. of the first 
and 19 lbs. of the second are sold for £l8. 4j. 2d,; and 20 lbs. 
of the first and l61bs. of the second, for £25. i6j. 8d, How 
much does a pound of each cost ? 

Ans. 15^. 10^., and 12^. 6d, 

. ^ 

^(42) There is a number consisting of two digits, and 

which divided by the sum of its digits, gives a quotient 7 ; but 

if the digits be written in an inverse order, and the number 

so arising be divided by the sum of the digits increased 

Jbjr 4^ the quotient =3; find the numbeT. K'tta. ^4i* 
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c^. (43) A and B can perform a certain work in 20 days; 
after working together 5 days, A falls ill, and B completes 
the work in 36 days more, in what time would each have 
done it alone? Ans. A in 34|th days, B in 48 days. 

^^ (4i4t) A mass of tin and lead weighing 120 lbs. in vacuo, 
loses 14 lbs. when weighed in water; and it is known that 
37 lbs. of tin lose 5 lbs. and 23 lbs. of lead lose 2 lbs. in 
water. What are the respective weights of tin and lead? 
Ans. 74 lbs. of tin, and 46 lbs. of lead. 

(45) Three labourers A, B, C, are to do a certain work ; 
A and B working together can do it in 12 days; A and C 
in 15 days; B and C in 20 days. In what time would 
each do it alone? And what time would it take to finish 
it, if they all three work together ? 

Ans. A in 20 days, B 30 days, C 60 days; all three in 10 days. 

(46) A finds that 7-^ lbs. of coffee, 23 lbs. of sugar, and 
12ilbs. of tea cost £7» 3s, 6d,; that 9 lbs. of coffee, 7 lbs. of 
sugar, and 3 lbs. of tea, cost £2. 18^., and that 2 lbs. of 
coffee, 5-41bs. of sugar, and 4 lbs. of tea, cost £2. 3s. 6d. 
What does each cost per lb.? 

Ans. Coffee costs 3*., sugar Is., and tea 8^. 

(47) Ay B, and C have £96. between them; A who has 
most, gives to B and C as much as they already had; in 
the same manner B gives to A and C, and C to A and B ; 
it was then found that each had the same. How much had 
each at first? Ans. A £52., B £28., and C £l6. 

^, (48) A number consisting of 3 digits when divided by 
the sum of the digits +9> gives a quotient 19; also the 
middle digit =^ the sum of the first and third; and if I98 
be added to the number, we obtain a number with the same 
digits but in an inverted order. What is the number? 

Ans. 456. 

7 
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PROBLEMS PRODUCING QUADRATIC EQUATIONS. 

(1) Find that number^ whose square exceeds its simple 
power by S06. 

Let X be the number; 

.'. a:^-'X = 306, by the question; 

...(...)'=3«6.1.!iH=(f)-, 

Both answers satisfy the algebraical conditions of the question; 
but the result (—17) tells us that the algebraic is more 
general than the ordinary language, and it is the answer 
to this question^ " Find that number which added to its 
square^ the sum will be 306." 

(2) A person buys some pieces of cloth for £60. Had 
he bought 3 more for the same sum^ each piece would 
have cost him £l. less. How many did he buy? 

Let j: = number he bought; 
.*. — = price of each piece ; 

= price had he bought 3 more for £60; 



x + 3 

60 60 

.*. ^ = 15 .*. 180 = a:" + 3a:; .-.or =12; 

X X + 3 

or he bought 1^ pieces at £5. each. 

But X also =—15; what is the meaning of the negative 
value ? 

Here -- = -4, and ——-=-5, or the prices he would 

X X •r o 

have given are -£4. and -£5. ; in cjtifcict ^otds, since 
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buying and selling are opposite operations, the result — 15, 
is the answer to this question, *' A person sells cloth for 
£60.; had be sold 3 pieces less for the same sum, he would 
have gained £l. more," 

(3) A person sells a horse for £l44. and gains as much 
per cent, as the horse cost him. What did the horse cost 
him? 

Let X = original cost of horse ; 

x^ 
.*. 100 : X V, X : --— - = the ffain ; 

100 ^ ' 

.•. X + — - = 144 ; .\ x = 80 or - 180, 

the negative root - 180 may be easily explained. 

(4) There is a number consisting of 3 digits, the last 
of which is double of the first; if the number be divided by 
the sum of the digits, the quotient is 22, but if divided by 
a third of the product of the last two increased by 4 the- 
quotient is also 22. Find the number. 

Let Xy y and 2 a? be the digits ; 

.'. 100j:+ lOy + 2a? is the number; 



102 
3 



x^^^y r.r. f.\ ji 102a: +10y ^^ ,. 
^ = 22...(1), and r ^22...(2) 



From (1) ^ = 3x, from (2) 51 j: + 5^ = (^ + 2 J 22 ; 

.-. 22 (ar* + 2) = 66x ; .•. ar* - 3a: = - 2; 
.'. a: = 2 or 1, ^ = 6 or 3, and 264 and 132 are the numbers. 



•^— a 
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EXAMPLES. 



^(1) What is that number ^rhose half multiplied by its 

225 
^th part = — - ? Ans. 30. 

wf(2) Find two numbers in the proportion of 2 : S, the 
sum of whose squares = 208. Ans. 8 and 12.' 

.^. (3) There are two numbers whose product = 450, and 
quotient = 2. Find them. Ans. 30 and 15. 

*s^ (4) Find two numbers which shall be as 3 to 4, and 
the difference of whose cubes : sum of their squares :: 37 : 5. 

Ans. 15 and 20. 

•/r(5) Find that number the square root of which exceeds 
its fourth root by 12. Ans. 256. 

^(6) There are two numbers whose difference = 8, and 
product 240. Find them. Ans. 12 and 20|. 

(7) The difference between the sides of a rectangular 
field is 100 yards^ and the distance between two opposite 
comers is 500 yards. Find the length of the sides and the 
area of the field. 

Ans. Area of field 120,000 square yards; 400 and 300 
the length of the sides. 

(8) Divide 185 into two such parts that the difference 
of their square roots shall be = 3. Ans. (54 and 121. 

^ (9) The difference between two numbers multiplied by 
\the greater =16, but by the less =12. Find them. 

Ans. 8 and 6. 

^(10) The sum of two numbers multiplied by the greater 
= 40, and difference multiplied by the less = 6. Find them, 

Ans. 5 and 3. 
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(11) A pedestrian having to walk 45 miles, finds that 
if he increases his speed ^ a mile an hour, he will perform 
his task 1^ hour sooner than if he walked at his usual rate. 
What is that rate ? Ans. 4 miles per hour. 

J^^ (12) A charitable person is about to distribute £6. 
among some poor persons, when two others come in, and. 
thus each person's share is diminished by 2*. Find the 
number of persons relieved. Ans. 12. 

j^ (13) A person bought a number of sheep for £80., if 
he had bought 4 more for the same money, he would have 
paid £l, less for each. How many did he buy? Ans. l6* 

^(14) A man left by his will £46800. to be divided 
equally among his children ; two of them die before the 
division of the property is made, and consequently each 
child receives £1950. more than it was originally entitled to. 
Required the number of children. Ans. 8. 

«^(15) A tradesman bought cloth at JLeeds, and has to pay 
for insurance and carriage 4 per cent. ; he sells it for £390. 
and gains as much per cent, as the 12th part of the pur- 
chase money amounts to. What did he give for the cloth } 

Ans. £300. 

^, (l6) There are two numbers whose difference is 10, and 
if 600 be- divided by each, the difference of the quotients 
also =10. Find them. Ans. 20 and SO. 

«^ (17) The sum of two numbers = 80; and if they be 
divided alternately by each other, the sum of the fractions 
= 3. J. Find the numbers. Ans. 20 and 60. 

4i{% (18) Divide 10 into two such parts that their product 
may exceed their difference by 22. Ans. 6 and 4. 

^(19) The sum of the squares of two numbers = 41, 
and their product exceeds their sum by 11.- Find tliem« 

Ans. 5 and 4. 
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«^ (20) A man sold a horse for £96* and gained as much 
per cent, as the horse cost him. What was the price of the 

horse ? Ans. £60. 

■I 

<>/i (21) A bought certain pieces of cloth for £45.> but bad 
he received 3 pieces more for the same money^ each piece 
would have cost him 15^. less. How many pieces did he 
buy? Ans. 12. 

(22) The joint stock of two partners is £1000., one 
leaves his money in the partnership for 12 months, the other 
for 18 months; but each takes £990. for capital and profit 
What stock did each furnish? Ans. £450. and £550. 

jy/ (23) A and B set out at the same time; A from C to 
go to D, and B from D to go to C ; they meet on the 
road, when it appears that A has travelled 30 miles more 
than B, and that at the rate he is travelling he will reach 
Z) in 4 days, and that B will arrive at C in 9 days. Find the 
distance of C from D» Ans. 150 miles. 

(24) Find two numbers such that their sum, product 
and difference of their squares may be equal. 

Ans. 1.680+ and 2.6180+ nearly. 

(25) Divide 134 into 3 such parts that the sum of the 
first, twice the second and three times the third =278, and 
the sum of the squares = 6036. Ans. 40, 44, 50. 

j/(26) The sum of two numbers =11, and the sum of 
their 5th powers = 17831. Required the numbers. 

Ans. 4 and 7» 

^(27) The product of 4 consecutive numbers is 840.^ 
Find them. Ans. 4, 5, 6, 7» 

(28) There are three numbers, and the product of the 

squares o£ the, first and second divided by the third num- 

ber =: 8 ; the product of the aqaaxea o^ \)\e fet^X wcA ^Scc^d. 
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divided by the second -= 64 ; and the product of the squares 
of the second and third divided by the first number =51^. 
Find the numbers. Ans. 2, 4^ 8. 

^f (29) If to a certain number you add 1578, and from 
the same number you take 142, the difference between the 
cube, roots of the numbers so obtained =10. Find the 
number. Ans. 150. 

VT (30) There is a number consisting of 3 digits, in which 
the sum of the squares of the digits =104; the square of 
the middle digit exceeds twice the product of the other two 
by 4, and if 594 be taken from the number the digits will 
be inverted. Ans. 862. 

*^(5l) There are two numbers whose difference is 2, and 
their product multiplied by their sum is 12; what are they? 

Ans. 3 and 1. 

(32) A person has a certain number of crowns, half- 
sovereigns and sovereigns, and if the crowns became sove- 
reigns, and the sovereigns crowns, the difference between 
what he would have and what he had is £4. 10^. ; also the 
number of crowns : the number of half-sovereigns :: that 
number to the number of sovereigns; and the sum of the 
squares of the crowns and sovereigns increased by 12, 
equals 5 times the square of the number of half-sovereigns. 
How many crowns, half-sovereigns and sovereigns had he? 

Ans. 2 crowns, 4 half-sovereigns and 8 sovereigns. • • 



CHAPTER IV. 



SURDS AND IMAGINARY QUANTITIES. 

103. Numerical roots of the form J2, Ipf, Jvj, l/dS, 
and algebraical ones, such as Ja' + x, ]Ja^ + a^x, which 
cannot be expressed in a finite number of terms, and there- 
fore have no known ratio to unity, are called irrational 
quantities or surds. 

And terms such as J—a^ and a-\-J—¥, already men« 
tioned (Art. 73.) are called imaginary or impossible quan- 
tities. 

But although these surds cannot be exactly determined, 
yet while they retain their form, they can be added to or 
subtracted from other surds, and may be multiplied or 
divided as other algebraical quantities. 

Def. Similar surds are there which have the 6ame 
quantity under the root. 

Thus ^J9, and 5 J 9. are similar surds ; as also are isa^Jby 
and Scl/b. 

Rule 1. When different surds are or can be reduced to 
similar surds, their sum or difference may be found, by 
taking the sum or difference of the coefficients of the com* 
mon surd. 

(Ex. 1.) Find the sum and difference of ^72 and ^128, 
J72=^j36x2 = 6j^ and JTOS = j6iT2 = 8 J2 ; 
.•.7128+^72 = 1472 and 7128-772 = 272. 
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(Ex. 2,) J^-^ J^ + J^ =16 J 3. 

(Ex.. 3.) ^ + J5i,-j96^j6. 

(Ex.4.) 1/128 ■¥ l/m + y 16 ''4,y^5b = -- 71/2. 

(Ex. 5.) 
2jSa^-7a.y/T8a + 5jl2a - J50a9 = (l3a - 5b) J2a. 

(Ex. 6.) 7V5J+3VrS + V^-5Vi28 = 8V2- 
(Ex. 7.) Find the sum ^^ ^ J\ and 7^§; 

/?I-7 /9x3 21 /3 21 /5_2lV6_2Jl^ /^ 
^V 50"" ^25x2" 5 V2" 5 V4"* 5 2^10^^' 

^^/i = ^v1 = ^f = ^/^^ .-.Sum^flVS. 
Prove that 

104. When the quantities do not involve the same surd, 
their sum or difference is expressed by placing the proper 
sign between them; tlius to add 3,^6 to 6 Ja^ we put 

S^ja + Sjh. ' 

MULTIPLICATION AND DIVISION OF SURDS. 

105. The product of two or more simple surds, is 
found by multiplying together the quantities under the 
root as in ordinary multiplication, and placing the sign of 
the root over the product. • 

ThvLS Ja X Jb =^ Jab and Js x Jl - J2i. 
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This rule^ however, only applies to surds of the same 
dimension, i. e. having the same root to be extracted ; when 
the product of different roots is to be founds fractional 
indices must be put for the roots and then the fractions 
reduced to a common denominator, which denominator will 
-express the root of the product. ' 

Thus to find the product of Ja and IJa, 

Ja^d^i and IJa-a^; also ••• - and -5=^ ^nd ^ 
respectively ; 



8 » 



•'. fja X l/a = a® x a® = a^ = Ja^. 



m n m+n 



And \/a x ^ = a" x a"* = a"*" x a"*" = a "" = "^a*"*". 
And l/^xUb = Jx bL a^ x l/'= 'l/I^ x "7?= 'l/^TP. 

106. To divide one surd by another of the same de- 
nomination, divide as in common division and place the 
sign of the root over the quotient. 

Thus j-a^ji^sfp N/^^>A2=yi=yi=2^, 

t 8 

But 7^-f- V« = ^ = ^ = «'=^/^• 



a ai 



We may here remark that ^ multiplied by Ja is a, 
and that J^^ ^ J - a is - a ; for in the latter case 
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And here we may observe that it is frequently conve- 
nient to put rational quantities under the form of surds. 

Then a = 7a'=7^ and ^aJsl^^JZa'xJsb^jT^cTb. 

Whence we see that to put a rational quantity under the 
form of a surd^ we must raise the quantity to the power 
expressed by the root^ and place the sign of the root over 

it ; also conversely every impossible expression as ^ — a' may 

be put under the form Ja'x — 1 = J^ J — 1 = aj—l, and 

thus also a^J^h^ may be written 

this latter expression may be taken as the general type of 
an imaginary quantity. 

107. Next to find a multiplier which will make a given 
binomial surd as a + fjb, or fja + Jh, rational. 

Since «* - ^ = (-^ + ^) (-^ - ^)« 

If ar = a and y = Jh, then a^-h = {a + Jb) {a - Jb\ 

or if x = Ja and y = Jb, then a-b = {Ja + Jb) {Ja - Jb). 

If therefore a + Jb, or Ja + Jb be the given surd, the 
multiplier is a — Jb or Ja — Jb, 

Ex. Let 7 + Js and J7 + Js be two surds, then 

7-J3 and J7-J3 are their multipliers, and the respective 
products will be 49 - 3, and 7-3, or 46 and 4. 

108. Next to reduce a fraction oi the form =, to 

a + Jb 

one with a rational detiominator. 
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Multiply both numerator and denominator by a -^^6 and 
he fraction becomes 

c fl — Jb ^ca — c Jb 



2 
Ex. Reduce -=. = to a fraction with a raticmal 

denominator. 



='-^4^ =Uj-^ - J^y 



J2 + J5 5-2 

109. If the surd be of the form IJa-hlJb, then since 



1 -1.8 1-1 -2 



a + b = (a^ + 6») (a^- a^b*-hb^), 
the multiplier will be a*— a^ b^ + b^. 

Ex. Find the multiplier which will make ^-^l/s a 
rational quantity. 

3 /*" ^ /s S 

Since | J 3 = ^ - ; .*. a = 2, and b = -, and the mul- 
tiplier is 2»- f-J + f^j , and the product is =2 — - = —. 

1 10. To find the multiplier which will make fja + ^ + Jc 
a rational quantity. 

Since {Ja + Jb + Jc) x {Ja + Jb- Jc) = (Ja + Jb)' - c 

^a + b-c-Q Jab, 

and if 2d be put =a + 6-c, then 2d-2ja^ will become 
rational if it be multiplied by d + Jab; 

. \ the multiplier required is (a + b - c -v J ab"^ ^Ja -v sf b - Kfc\, 
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Ex. Let fj2 + j3 + j5 be the surd; find the multi- 
plier. 

Here a = 2, b = 3, c = 5; .*. a-^h -c — ^Jah = J6; 

.'. the multiplier is JE (^J^ + Js- J5) = J\i+ JlS- JsO, 
and if the surd be multiplied by it the result =12. 

EXAMPLES. 



1 



8 



9 



(lo; 



(n 



(7 + 2V6)x(9-5V5) = 3-17^/6. 

(2 ^8 + 3 ^5 - 7 ^/2) (^72 - 5 ^20-2 ^2) 

= 42^10-174. 

^2 X 7s X 75 ='7648000. 



{cja + djb)->^{cja-djl) = c'a-d:'b. 



Shew that 



Jso + sJS + ^Js 



72+x/3-j5 V2. 
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(13) Multiply J-2a'bK4>Jb^^Sab-^l6Jl^^32b* by 
a^ + 2b^, Ans. a'-646^ 



(14) And fl^ + a« 6» + a*b + 6^ by a^ - ^. Ans. a - b'. 



(15) Divide j;2_;ra_ 43^+60? _2a:5 by a?2-4a:*+2. 

1 
Ans. x — x^. 

(16) And 256a? -y by 4ar'-y. 

8 I 

Ans. 64x'+ l6jp*^+2jf*y +jf*, 

(17) Shew that {x'-xj^ -^-1) (jc' + x j2+l)^x^-{'l. 

/i«N a + bjjla-bj'^2(a^^^ 
^^^^ :^^J^l^a^b'J-^"~a^^b^ ' 

/^.^^ 1 2 2 Sar« 

(20) - + —^:^=-h -=, = _-—-. 

x-l 2x+l-J^ 2a: + l+V-S ^-1 

BINOMIAL QUADRATIC SURDS. 

111. Expressions of the form A -¥ J B or J A ^ J B, 

are called binomial surds; such are found in the solution 

of some quadratic equations; as for instance^ in x*- 2px' = q. 

For then a^=p + J]f'hq, which will agree with the former 

of the expressions if p he rational and j^ -v q mo^. «i ^xifi^ 
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square, and with the latter if /} be a surd quantity. This 

being the case x = Jp + Jp^ + q, a complicated expression 
which it is sometimes possible to put under the more con- 
venient form of a^Jh, where 6 is a rational quantity and 
a rational or irrational. 

That this is true may be thus shewn: 

We shall now proceed to shew that iJA + JB, where 
B is rational and A either rational^ or a quadratic surd^ can 
always be exhibited under the form above mentioned^ when 
A' — B is a perfect square; but before we do this we must 
premise the following propositions. 

■ 

(1) No quantity can be partly rational and partly a 
quadratic surd. 

For if possible let fjx = a + ^Jb; .•. squaring both sides, 

ar = a' + 2a^+6; .•. Jh^^—^ K 

or a surd quantity equals a rational quantity, which is con- 
trary to the supposition of surds. 

(2) If J? + fjy- « + tj^i he an equation between rational 
quantities and surds ; then a: = a ; and ijy=^ Jh* 

For if X does not = a, let a; = a + wi ; 

I.e. a quantity which is partly rational and partly a quad- 
ratic surd is equal to a quadratic surd, which has been 
shewn to he impossible in the \ast «t\.vc\e. 
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(3) The product of two surds which have not the same 
irrational part^ is irrational. 

For if not let the product of Jx and Jy = mx; 

.*. xy = m^x^ ; .*. ^ = m^x ; ••. Jy = mjx, 

or sly involves the same surd as Jlc, which is contrary to 
the supposition ; hence tjxy is still a surd. 

112. These propositions being premised^ let us assume 
that J^ + ^B is equal to Jx + Jy^ where one or both of 
the quantities Jx^ and ,jyy are quadratic and different surds^ 
and therefore sfxy is of necessity a surd ; 

.-. sJA + JB - Jx-^Jyi 

.'. A + JB = X +2 fjxy +^ ; 

.*. x-\-y = A; and 2,Jxy =^ ^JB^; 

whence by squaring both of the equations^ we have 

x^ + 2xy+y^ = A' 
4exy — B; 



.-. x^-'9.xy+y^=^A^-B or {x-^yy^A^-B. 
Now let A^ -B be a perfect square = C* ; 

,\ x-y=^C,h\\\, x+y = A; .-. ar = _— ; ... j^=__; 

Ex. Find J3I + 10 J6. 
HereA = 31, JB^IoJG; a il« -B =€* =96V-.6Wi-^^\-> 



A-C 
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A A+C = 50y A-C=n; .•. ar = 25, y = 6; 

The result has been obtained by substitution, but it 
would be better for the learner to proceed thus: 

.". ar + ^ = 31, and ^\fxy-loj6; 

^xy =600; 



.'. a^-^xy+y^ = {x -yY = 361 ; 
/. a?-^ = 19, but or + ^ = 31; /. ^x^50^ ^y = 12; 

•'• Jx + Jy = sfsiVl0jQ = 5 + jQ. 

Cor. Since x+y-A, and 2 J^ = JB ; .'.by subtraction, 
x-^Jxy + y or {Jx-Jyyr= A- JB; 

.-. Jx-Jy^jA-jB, 

Hence if a binomial surd of the form J A - ijB be pro- 
posed, we must equate it to Jx - Jy, and then proceed as above. 

Also, that if J A + JlB-Jx+ Jy, then J A -Jb =Jx- Jy. 

113. Binomial surds of the form s/ajc-hjbc may also 
be reduced by the same method; for 

ajc-¥jhc = jc{a-¥jb); .\ JaJc+Jhc = \Jc Ja + Jh ; 

and \ia + Jh may be found as before, when Ja^-b is a 
complete square. 
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Ex. Find J,jTs + Ji, 

Also fJs + J2 = (1 + ^), by the preceding method ; 

••• JjWTjt^ 72. (1 + ^2) = 7^(1 + V^) = V2 + Vs- 

114. The square root of the imaginary quantity 
x4 + J — B, may be similarly exhibited when A' -hB is a 
perfect square. 



For let J A + J~^B = Jx + Jy; 

.*. X -k-y - Ay and 2 j^x^ =^ J — B; 
.•. a;' + 2ar^ + ^ = -^'> and 4ary = — JB; 
.•. a:'- 2a:^ +^5= -4'+ jB; ,\ x - y - JA^ -^ B^ 

and if -4*+ jB be a perfect square C*; 

••. X — y — C, and a? + y = ^ ; 

Cy + A • C — ^ t* r^ * A 

.'. 0? = — — -, and y = — , for C is > -4 ; 

Cob. 1. Similarly we sball find that 
Hence 
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and therefore the sum of two imaginary quantities related to 
each other as these are^ will give a real and sometimes a 
rational result 

Cor. 2. Also since ^y/ and a/ — - — are both 

real quantities, we may put a^ and 61 for them, and thus 
we see that 

(Ex. 1.) Find J I +4^^. 
Here ^ = 1, J^ = 4>J^; .-. J5 = 48; .-. A'+B = ^; 

••. x-y = JA' + B = 7^ a: + ^ = 1 ; .*. 2a: = 8, 2y = - 6; 

.-. ^/x+^ = ^/l +4^^ = 2 + V-^- 

(Ex. 2.) Extract the square root of 2a J- 1. 

Here Jx + Jy = Jo ■¥ 2a J^ = Ja + J- B; 
.-. A = 0, J^^ = 2aJ^; .'. B = W and C = 2fl; 
m:x—y = 2d, x-\-y = 0; .\ 2x = 2a and 2^ = --2a; 
••• J^-¥jy = Ja-\-,^^^Ja + Ja{J-l) - Ja(l+J-iy 

115. We may also sometimes extract the square root of 
an expression such as m-\- Jp-^ Jq-h Jr, by assuming the 
root equal to Jx + Jy + Jz; for 

(Jx-hJy'hJzy = x-^y + 2-h2jxy + 2jxz+2,Jyz, 

and if a: +^ + z = 7», then making 2 Jxy = Jp, 2 Jxz = ^, 
and 2jyz=^Jr^ x, y and % may be fbuwd. 
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Ex. Find the square root of 10 + 2^ + 2 ^710"+ 2 J 15. 

Here Jxy = J 6, JTz = JlO, ,JJy = J\6 ; 

.". xy = 6i xz=10y yz-l5; .'. ory z' = 900; .*. xyz = SO; 

xyz ^ xyz ^ xyz 

xz ^ xz . xy 

and ar+^4-s = 10; .•• ^2 + ,^3 + Jb is the required root. 

The equation x -^ y -v z — m which is called the equation 
of condition, must be verified, before we can say that 

Jx + ^) + sjz is the true root. 



EXAMPLES. 

(1) Ju^6~jt = S^j9.. 

(2) JY2Tj3 = ^^j3. 

(3) V 3 ±2^2 = ^/^ =*= 1. 

(7) j5^J^=Js^J^. 

(8) Js/27+2j6^yi2+'j3, 

(9) j3lj5 + jW=^\/2d+\/5. 

00) yv/S^-y24 = VT8-V^. 
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14) n/- 7^ = ^(1-7-1). 

15) Jf^^^fij^X=.t,JiJZl, 

IS) Jl6-^6j2+4^ J3 + 2^ + 2 JlO-^ 2^15 + 2^30 

= j2'hj3-¥j5-^jG. 



CHAPTER V. 



HATIO, PROPOKTION, AND VARIATION. 



RATIO. 

116. Ratio is the relation which quantities bear to 
each other with regard to magnitude. 

Thus if one magnitude be two-thirds of another magni- 

tude^ they are said to be in the ratio of 2 : S. For if both 

be divided into respectively equal parts^ the foriner will 

contain two and the latter three of these equal parts. 

2 
And thus the ratio of 2 : 3 and the fraction - express the 

2 . . 
same idea; for - indicates that unity has been divided into 

3 

3 equal parts^ and two having been taken^ that portion 

2 3 

will be to the whole as - : -, or as 2 : 3. 

3 3 

We may therefore either take a : b or the fraction t to 

express a ratio, the fraction equally exhibiting with a : h the 
multiple, part, or parts, that a is of h. 

The former term of a ratio is called the antecedent, the 
latter the consequent. 

A ratio is said to be of greater or less inequality, ac- 
cording as the antecedent is greater or less than the con- 
sequent, and of equality when these are equal. 

Both terms of a ratio may be multiplied or divided 
by the same number without altering the value of the 
ratio* 
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Thus a : b and ma i mh are equal ratios. 

T^ a ma 
For T = — T . 
6 mo 

Also a : h and ~ : — are equal ratios. 

f,. a a 6 

Since Y = — -^— • 
o m m 



117* If to both terms of the ratio a : h, the quantity 
4? be added^ the resulting ratio will be greater or less than 
the former^ according as a is less or greater than 6. 

-, a . fl + or 

For r JS > or < y • 

6 6 + 0? 

-^afe + flo? ab + bx 

li TTi \ > or < T-TT X- 

6(6 + 0?) 6(6+0?) 

If a6 + ao? > or < a6 + 60:. 
If flo: > or < 6or. 
If a > or < 6. 
Which shews the truth of the proposition. 

Thus if unity be added to both terms of the ratio 5 : 7> 
by which it becomes 6 : 8 or 3 : 4^ then 

5 20 . 3 21 
;:: or — - IS < -r or -TT . 
7 28 4 28 

But if unity be added to both terms of 7 : 5, then 

7 21 . 8 4 20 
-or-is>gOr-or-. 

118. A ratio is reduced to its lowest terms by dividing 
both the antecedent and consequent by their greatest com- 
mon measure. 
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(Ex. 1.) Reduce 275 : 325 to its lowest terms. 

The greatest common measure is 25, and 275 = 25 x 11 ; 

325=^25 X 13; 

.'. 11 : 13 is the ratio required. 

(Ex. 2.) Reduce to its lowest terms the ratio 

a^ — Sax + Qx' : a^ -\-.ax -2x'. 

Here a — a? is the common measure^ and after h«iving di- 
vided both terms by it, the ratio becomes a — 2a? : a + 2j?. 

119. The duplicate ratio of two quantities is the ratio 
of their squares ; the triplicate ratio, that of their cubes ; the 
quadruplicate ratio, that of their fourth powers, and so on. 

Thus a* : b' is the duplicate ratio of fl : 0, 

d \ W ... triplicate ... of a : h, 

a* : 6* ... quadruplicate ... of a : h.- 

And the subduplicate ratio of two quantities is the ratio of 
their square roots; the subtriplicate, that of their cube roots. 

Thus c^ : h^ is the subduplicate, and a» : h^ is the sub- 
triplicate ratio of a : 6. 

3 3 

Also a^ : h^ is called the sesquiplicate ratio of a : h, 

(Ex. 1.) The bases of two similar triangles are 4^ feet 
and 5\ feet respectively. Compare their areas. 

The areas are by Euclid (6.19) in the duplicate ratio of 
their bases, therefore as 

my : (5k)' :: (|)' : (^^ :: 81 : 121. 
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(Ex. 2.) Spheres are in the triplicate ratio of their 
radii; let therefore the magnitude of two spheres be com"* 
pared whose radii are 2 and 3 feet respectively. 

They are therefore as 2' : 3" :: 8 : 27- 

(Ex. 3.) The diameter of the Earth being 8000 miles, 
and that of the Moon 2000 miles ; compare the magnitudes 
of the Earth and Moon. 

The Earth : the Moon :: (8000)^ : (2000)' :: 64 : 1. 

(Ex. 4.) Newton proved that the times of the planet's 
revolutions were in the sesquiplicate ratio of their mean 
distances. Suppose that Herschel is 84 years in completing 
the circuit of his orbit. Find his mean distance from the 
Sun. 

Call the Earth's distance d, D that of Herschel; 

-8 3 

.'. 1 year : 84 years :: a* : D*; 

.'. D = (84)^ d, 

or more than 19 times d, or since d is about 9^^000^000 miles, 
the planet's mean distance exceeds 1800 millions of miles. 

By mean, we here understand half the sum of the greatest 
and least distances. 

120. Composition of ratios. If there be any number 
of ratios, and all the antecedents be multiplied together, 
and also all the consequents, the ratio which arises is said 
to be compounded of the simple ratios. 

Thus i£ a : b and c : d he two ratios^ Then ac : bd 
is the ratio which is compounded of the ratios of a : b, 
and c I d. 

8 
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Thus in Euclid^ Book vi. Prop. 23, the ratio of JST : 3f 
IS said to be compounded of the ratios of K : L and L : M; 
for the compound ratio is KL : LM or dividing both terms 
by L, is K : M. 

Also the ratio of ac : bd is called the sum of the ratioa 
of a : b and c : d. Hence it is that the ratio of a* : 6*" 
which is the sum of the two equal ratios, each a : 6, is 
said to be double of the ratio of a : b, and a' : i* triple 
of the ratio of a : b. 

(Ex. 1.) Compound the ratios of 2 : 3, 3 : 4, and 6 : 5. 
It is better to write the ratios as fractions^ then 

2 3 6 2x6 3 
S^4^5~4x5~5' 

(Ex. 2.) Compound the ratios of 

a^ : a^—x' ; a-\- x : a — x ; and a^ — a^ : a\ 

a" (a + x) a* — a:^ 
x-7 r X 



a^—af' (a — x) a^ 



a— j: a a' ^ ax ' 

For a* — a:* = (a — or) . (fl 4- ar), 
and a^ - a^ = (a — x) . (a^ + ax -^ x^), 

(Ex. 3.) Compound the duplicate ratio of 2 : 3; the 
triplicate of 3 : 4; and the subduplicate of 64 : 36. 

Ans. 1:4. 

(Ex. 4.) If ar : ^ in the duplicate ratio of a i ft ; and 
a : ft in the subduplicate ratio of a + a : a— 1/ then 2x : a 
will egual x ^y : y. 
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121. The ratios of the squares of high numbers which 
do not differ much from each other^ may conveniently be 
found by a rule, sufficiently accurate for every practical pur- 
pose, the truth of which we shall now investigate. 

Let a, and a-¥x represent two large numbers, differing 
but little from each other, and where consequently x is 
small in comparison with a, then 

a-\- X _ X ^ . (^ "•■ ^)* _ 1 2a: or" 

. '~~~~^"~ — J. T "~ I • • o — J. "7" "~~" T "~o • 

X a or a or 

X 

Now X being very small, and a great, - is a very small 

quantity, and -§ still smaller, and may be neglected, since 

it will be found in practice to affect the result by an in- 
appreciable quantity. 

-- (a-\-xY , 2x a + 9.x 

Hence ^^ — ~- = 1 + — = ; 

or a a 

i.e. (fl + jr)* : a' is equal to a + 2a: : a, or the ratio of 
the squares of two high numbers, nearly equal to each 
other, may be found, by adding to the smaller twice their 
difference, and comparing this sum with the smaller of 
the two. 

Thus to find the ratio of (1000.1)' to (1000)^ 

Here x-,l or — • and 2j? = .2 ; . 

V. (1000.1)' : (1000)' = 1000.2 : 1000 or as 10002 : 10000, 
very nearly. 



In this example 



^=J:lZ- = 



.01 



a» (1000)' 1,000,000' 
or is only one bundred-millioneth part of \x\».t^ 



^^— ^ 
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122. In the same manner since 



^ 8-^ =(1+-) =1 + +_-+_- 

or \ aj a a* a* 



3x 
1 + — nearly 



a-\-3x 



a 



Therefore {a + xy : a® is represented hy a-\-3x i a, and 
(a + xy : fl* by a + 4ar : a. 

And also since ^1 +a? = 1 + -— J ar"+ &c,; 
Ja-{-x I X ^ X ^ a^ ^ 



X 



= 1 + ^ - nearly 



a 



a + Xx , 

= — nearly; 

.*. J a ■¥ X : J a equals a + ^x i a nearly. 

And similarly may the comparison of other roots of 
high numbers not much differing from each other be ef- 
fected. 

PROPORTION, 

123. When two ratios as a : 6 and c : d are equals the 
terms are said to be in proportion to each other^ and a is 
said to have to h, the ratio that c has Xjo d; or a is that 
multiple^ part^ or parts^ of h that c is of d, and it is then 
written a : h ii c i d. Thus proportion arises from the 
equality of ratios. 

Here a and d are called the extremes and b and c the 
means. 
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a , , , C . 



124. Since a i h is expressed by t and c i d hy -% if 
there be a proportion between a, b, c, and d; i. e. if 

a : b :: c : d. 



then 1 = 5. 



Multiply both sides by bd; 

abd _^ cbd 
'''~b~~~r 



; .'. ad ss cb; 



i. e. if four quantities be proportionals the product of the 
extremes equals the product of the means ; and conversely^ 
if the product of two quantities be equal to the product of 
other two quantities^ the four are proportionals. 

For let ad = be, then divide both sides hy bd ; 

a c - , 

.*. T = -5 or a : 6 :: c : a. 
o d 

Hence given "a, 6, c any three of the quantities^ the 
fourth d may be found. 



For ad — be I ,\ d = — , 

n 



which symboUically expresses the Rule of Three in arith- 
metic> viz. multiply the second and third terms together^ 
and divide by the first. 

When the two mean terms of a proportion are equal, 
the quantities are said to be in continued proportion, i. e. if 
a : b :: b : e, a, b, e are in continued proportion; but then 
ac = b' or the product of the extremes is equal to the square 
of the mean, and b is called a mean proportional between 
a and c. 

Again, if a : b :: e : d, and e : d :: e : f, 

then a : b :: e : Jl 
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For j=^and^=j; ... jy; 
i.e. a ; 6 :: c :yi 

Also if a : b ;: c : d, then o"* : 6*^ :; cT : rf**. 

T^ a c cT d^ 

M ni* — • • — — -* • 

'°^ h~ d' •• h^~ er' 

and .*. a"* : 6* :: c"* : d"^. 

125. (l^) If a : 6 :: c : (/^ then a : c :: 6 : i/; i. e. 
if 4 quantities are proportionals they are also so when taken 
alternately. 

^ a c a b c b a b 

b d b c d c c d 

Le> a : c :: b : d, 

(2^) If a : b :: c : d, then b : a :: d : c^'or quantities are 
also proportionals when taken inversely. 

For T = ;i ; and since if numbers are equal their recipro- 
cals are also equal; 

• ^ — ^ . • A . .. . // 

• • ~~ ^— m % 1* e* o m u •* c * c*. 

a a 

(3°.) Next a-^bibiic-^did. 

a c tt c 

For since t = ^ ; .*. r- + 1 = t + 1, by adding unity to 

each side; 

fl + 6 c-\-d 



; .'. a + 6 : 6 :: c + rf : rf. 



this is termed componendo. 
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(4°.) And a-^b : b :: c — d : d. 

b ^ d ' •• b d ' 

,\ a — bibiic — did, 
this is called dividendo. 

(5°.) And a + b : a — b :: c + d : c^d. 

T^ a-hb c + d , a — b c — d 

a + b c + d 

• ■ »^ _^_^___ • 

fl— 6 c—d' 
.'. rt + J : a — 6 :: c + cf : c — rf. 

(6°.) When there are 3 quantities^ a, b, c, in con- 
tinued proportion^ the first shall be to the third in the 
duplicate ratio of the first to the second^ or i£ a : b ;: b : c; 

.'. a : c :: a' : 6*. 

For :* a : b :: b : c ; ,•. 7- = - ; 

a a b a a' ab a 

•• b b~c b' •• i-'cft'c' 

••. a : c :: a* : 6* ; 

(7^) Again^ if there be 4 magnitudes in continued 
proportion^ the first shall have to the fourth the triplicate 
ratio of the first to the second, or if a: b :: b i c :: c i d^ 
then a^ : b^ :: a: d. 

For \' a:b lib : c; .'. -r. = - ; 
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and \' b : c :: c : a ; .•.-==-=. 

c a . 

-n ^ a h a c 

"^ he' •• b d' 

a* a ^a c a* ^a 

•'• ¥''b'"'c''d' •'• b^^d' 

i. e. a : d i: a^ I b\ 

(8°.) If a : b :: c : dj and a be the greatest^ d will be 

the least, for t = t ; .•.-=-; and a is > c : .•. 6 is > rf. 

d c d 

Also a + rf is > 6 + c. 

For a : a — b :: c : c^d; 

.*. a : c :: a-b : c — d. 

And a is >c; .\ a — b > c — d; .*. rt + rf>6 + c, 

or the sum of the greatest and least terms in a proportion 
is greater than the sum of the other two. 

126. It frequently happens when the ratio of two num- 
bers or two magnitudes is required/ that there is no frac- 
tion -J which is exactly equal to j; one case is when a and 

b are two numbers having no common divisor. It also hap- 
pens when the ratio of the square roots of two numbers 
which are not both complete squares is required. Thus 

a/s : ^ cannot be exactly expressed, since neither ^2 nor 
^ can be found in a terminating decimal, therefore no 
two numbers can be found which will be in the precise 
ratio required; whenever this occurs the quantities are said 
to be incommensurable. 

But although the exact ratio between two such quanti- 
ties cannot be fbund^ yet an apptoxVmaXie oiva xaa.^ b^ ob- 
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tained^ which may be made sufficiently correct for every 
practicable purpose. 

As an instance of incommensurable quantities^ we may 
take that of the circumference and the diameter of the 
circle. 

If the diameter of the circle be divided into equal 
parts, and we try to ascertain by measurement, how many 
of such equal parts there are in the circumference, we shall 
find that there is not an exact number of such parts in it; 
that if the circle be small, the circumference will be a little 
larger than three diameters; and if we take a larger circle 
and divide the diameter into 10 parts, the circumference 
will contain more than 31, but less than 32 such parts; 
and if the diameter be divided into a hundred parts, that 
the circumference will have more than 314 but less than 
315 such parts. In fact, if the diameter of the circle be 
called unity, the circumference is nearly 5=3.14159^ &c, 

circumference 3.14159 



diameter 



nearly. 



Hence, if we stop -successively at the end of the first, 
second, third, &c. decimals, the required ratio will be repre- 
sented by one of the fractions 

3.1 3.14 3.141 c ,31 314 3141 ^ 

T' y -T'^^- ^'^y 10' 100' 1000' ^"- 

and the greater the number of terms in the fraction, the 

more nearly will the fraction represent the true ratio;. 

the particular circumstances of the question will guide us 

to the selection of the fraction which may be used without 

sensible error. 

Thus, if the diameter be one foot, the second fraction is 

314' 
sufficiently exact, for the circumference is -— : feet = 3 feet, 

1 inch .68 ; and the error doea not eiLC^^d \JDkfc %^J*3ol ^«s\. ^ 
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an inch. But if the diameter be very greats as that of the 
Earthy which is not much less than 8000 xoiles, the fraction 
to be used must have many terms of decimals^ that the 
error may not be appreciable. 

Also the diagonal and the side of- a square are incom- 
mensurable quantities. 

For AC = AB'+ BC = 2AB'; 
.-. AC = ABj2; 

•• AB r i ^ 

and remarks similar to what have been ^ 
just used apply here. 
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127. When one quantity depends in any manner what- 
ever upon the change in magnitude of another^ the former 
IS said to vary as the latter. 

Then, if Y = aX and a be constant, Y is said to vary 
directly as X; or as it is written Y ozX, the symbol oc 
being read, varies as; for as X increases or decreases. Fin- 
creases or decreases ; in this case, if we change Y into y, 
, and if x be the corresponding new value of X, 

y = ax, and v Y-aX; .\ Y : y :: X : x, 

and thus we can change a variation into a proportion, when 
we know other corresponding values of Y and X. 

Again, if F=^, then since Y decreases or increases 

according as X increases or decreases, Y is said to vary 

inversely as X, or F oc r=^ ; and 

V . ..1.1.. . Y 
'^ X X 
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As instances of the two preceding cases of variation we 
may take the following: We know that the quantity of 
work done (W) increases as the number of workmen (A) is 
increaised^ or technically Woe A, but that the time (2^ of 
doing' a certain work will decrease^ as the number of 

workmen increase or T'oc-j.^ 

128. If y = ax ■¥ hx*, then y is said to vary as the 
sum of two quantities^ one of which <xx, ' and the other 
as or'; the constant coefficients a and h, may be found from 
contemporaneous values of ^ and x. 

(Ex. 1.) Let y vary as x, and let 2 and 3 be respet;tive 
values of ^ and x, at the same time. Find y in terms of j?; 

•.• y cc x; .*. let y^axi but if ^ = 2, « = S ; 

2 ^x 

•*. 2 = 3 a J. •*• o =» "s » •'• y ^ "q" * 

(Ex. 2.) Let y=p + q; where p oca? and ^ oc-; and 

6 and 1, 9 &nd 2 are contemporaneous values of y and x. 
Find y in terms of x. 

Let p = ax; g = -; n\y = ax + -. 

X yP 

But if a?=l, y — 6; and if a? = 2, y^9i 
.•. o = a + 6; and 9 = 2fl + -; 

.*. a = 4 ; 6 = 2, and ^ = 4x + - . 
• X 

129. If FocXZ, Fis said to vary jointly as XandZ; 
for the increase or decrease of Y will depend upon the in» 
crease or decrease of both X and Z« 
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Prop. If Foe X when Z is constant^ 
and Y <x Z when X is constant; 
then YozXZ when both X and Z vary. 

Let i/i and x be corresponding values of Y and X, 
^ and 2,', ^1 and Z. 

Then Y : i/i :: X : x, 
y^x y :: Z : ^; 



.'. Y \ y :: XZ : xz. 

The preceding proposition is the foundation of the rule 
given in the books of arithmetic, for the solution of questions 
both in the single and double rule of three. For suppose 
that, a certain effect is to be produced, or work to be 
done {W) by a number of persons (^), and in a time (7^, 
it is clear that the work done, or the effect produced, will 
be changed if we alter either the time or the number of 
workmen; that W depends not only on Ay but also on T; 
and A and T are independent quantities; hence WozAT, 
and therefore if w be another work done by (a) agents in 
time (t) that 

W I w :: A,T I a.t 

We will however give an independent proof of this pro- 
position. 

Suppose that F was a work done by a persons in 
time T. 

Then since W and V are done by different agents in 
the same time T; and F and w are done by the same num- 
ber of persons, in different times, 

then W : V :: A : a, 

and V i.w i: T : t; 

.'. W : rv :: A.T : aA, ^^ WccAT. 
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Ex. If 252 men can dig a trench 210 yards long, 3 
wide and 2 deep, in 5 days of 11 hours long; in how many 
days of 9 hours each, will 22 men dig a trench 420 yards 
long, 5 wide, and 3 deep ? 

Here W = 210x3x2; tv = 420 x 5 x 3, 

-4 = 252, a = 22; 2'=5xll, t^Qxa:; 

.*. 210 X S X 2 : 420 x 5x3 :: 252 x5xll : 22x9xar; 

1 : 5 :: 28 X 5 : 2 x x ; 

.*. 0^ = 14x5x5 = 350. 

Cor. If T=t, or if A = a, then either W : tv :: A : a, 
or W : tv :: Tit, which is the common rule of Three ; in 
which if W represent work done, A may be the number of 
persons who perform it; or T may be the time in which 
it is done: again, W may be goods, and A their cost, and 
so on. We must always take care that the first and second 
terms he of the same denomination; the third and fourth 
must consequently be of the same denomination also; it is 
through inattention to this obvious rule that many errors are 
made in the school arithmetics. 

Ex. What quantity of cloth, at Qs, Sd, per yard, may 
be bought for 20 guineas. 

Here the thing required is the number of yards. 

Let W=l yard, w=x; then as 6s, 8d, = ^£. and 20 guineas 
= £21. 

1 : a: :: J : 21 :: 1 : 63; 

.*. x = 63 yards. 
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ARITHMETICAL^ GEOMETRICAL AND HABMONICAL 

PROGRESSION. 

130. A SERIES is a collection of numbers^ connected 
together by the signs + or — , and in which any one term 
may be derived from those which precede it, by a rule> 
which is called the law of the series ; thus 

1 + 4 + 7 + 10 + IS + &c. 

2 + 4 + 8 + 16 + 32 + &C. 

are series, in the former of which any term may be- derived 
from that which precedes it, by adding S, thus 7 = 4 + 3; 
in the latter the third term 8, is found by taking the double 
of the second term 4; and the same rule applies to the 
fourth and succeeding terms. 

The subject of series is extensive and difficult. Our 
attention will be confined to arithmetic and geometric series 
only; of which those above are respectively instances. 

ARITHMETIC SERIES. 

131. If the difference between any two consecutive 
terms of a series be the same through the whole extent of 
the series, the series is called arithmetic, and the terms 
are said to be in arithmetic progression. 

Thus, 1+3 + 5 + 7 + 9+ &C., and 12 + 9 + 6 + 3+ &c., 
are arithmetic series, the former being an increasing, and 
the latter a decreasing series. The number by which each 
term differs from the succeeding one is called the common 
difference, which in the former series is 2; and in the 
latter is —3. 
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132. Hence the first term a and the common difference 
b being known, the other terms of the series may succes- 
sively be derived; for since the difference between any 
two successive terms is 6; 

.'. 2nd term = Ist term + 6 = a + A, 
3rd term = 2nd term + 6 = a + 2 A, 
4th term = Srd term -k-h-a-hShy and so on, 

and as we see that thei coefficient of b in any one term is 
less by unity than the place of the term in the series ; 

/. the wth term = a m- (n — 1) 6 ; 

and therefore the general form of an arithmetic series is 
a + (a + b\^ (a + 2b) + (a + 3b) + &c. + {a + (n - 1) 6}, 

the series being supposed to -consist of n terms. Hence if 
/ be the last term^ we have 

/ = a + (w~ 1)6. 

From the formula just obtained any term of the series 
may be found; thus 

the 20th term = a + (20 - l) 6 = a + 19^ ; 
100th term = a + (100 - 1) 6 = a + 99b. 

(Ex. 1.) Find the 50th term of 5 + a+ 11 + &c 

Here a = 5; 6 = 3; n = 50; 
.-. 50th term = a + 496 = 5 + 147 = 152. 

(Ex. 2.) Find the 10th term of 12 + 9 + 6 + 3 + &c. 

Herea = 12; 6 = -3; «=10; 

.% 10thterm = a + 9^ = 12-27 = -15. 
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Cor. Since the last term is /, the last but one will 
be l-b, the last but two I -2b, and so on; 

or since the last or wth term = a + (w - 1) & ; 

.*. («-l)th ... =a + (ii-2)6, 

(»-2)tli ... =a + (ii-3)b; 

.'. (n — r)th . . . = a + {« — (r + 1)} b, 

133. Prop. Given the first term a, the common differ- 
ence bf and the number of terms n, find S, the sum of the 
scries. Here 

S = a + {a-\-b)-\-(a + 2b) + 8cc. +{l-2b) + Q-b) + /, 

and then writing the series in an inverse order, 

^ = Z + (Z-6) + (/- 26) + &c. +(rt + 26) + (fl + 6)+ a. 

Whence by adding together the terms which are vertically 
opposite, 

25' = (Z + a) + (/ + fl) + (/ + fl) + &c, + (/ + a) + (/ + a) + (Z + a) ; 

and since Z + a is repeated n times; 

.-. 2/S'=(Z + fl).n; .*. S = Q + a)-y 

or the sum of an arithmetic series is found, by adding to- 
gether the first and last terms, and multiplying their sum ' 
by half the number of terms. 

Cor. 1. This rule may be put under a more convenient 
form. 

For Z + fl = a + («-l).6 + a = 2a + («-!). 6; 

.-. AS'={2a+(n-l)6}- = iia + — ^ ^ ^ > 
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Cor. 2. The two equations^ 

/ = a + (w — 1) 6, and S = na + n ^ - h, 

are sufficient for the solution of all questions respecting 
arithmetic series^ 

(Ex. 1.) Find the sum of 1 + 3 + 5 + 7 + &c. to 100 
terms, and the last term. 

a = l, .•. Z = a + (w- 1) 6 = 1+99x2 = 199, 

6 = 2, 

' o n,(n-\).b ,^^ 100x99x2 

« = 100 ; S = na-^ — ^^ ^ — = 100 + ^ 

2 2 

= 100 + 9900 = 10,000 = (100)*. 
If the sum be required to n terms, 

c, W (» — 1) . 2 a a 

or the sum of the first n odd numbers = the square of the 
number of terms. 

(Ex. 2.) Find the sum of 12 + 10 + 8 + &c. to 20 terms. 

20 X IQ 
a = 12, .-. ^ = 20 X 12 + ^ X - 2 

6 = - 2, 

w = 20; =240 -380 = -140. 

The series being a decreasing one, some of the terms become 
negative, and their sum exceeds that of the positive terms. 

(Ex. 3.) The last term of a series is 29> the number of 
terms = 10 and common difference = 3 ; find the first term. 

^=59, 

6=3, But / = a + («-l)6; .-. 29 = fl + 9x3; .'.0 = 2. 

n = 10. 
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(Ex. 4.) The sum = 1 55, first term =s 2, common differ- 
ence = 3 ; find n, 

o ,*.*. n.(n-l)b ^ n^—n _ 

• 

OS, otr. J w 1 310 1 3721 



3 36 3 36 36 ' 

1 61 
6 6 

134. Find an arithmetic mean between two number^^ 
a and c. 

Let m h9 the mean; .*. a, m and c are in arithmetic 

a + c 



progression ; .•. m - a = c — w ; ,\ m = 



2 



Next find p arithmetic means between a and /. 

This is the same thing as having given^ a the first and 
/ the last term^ and p + 2 the number of terms^ to find 
the common difference. 

Let b be the common difference; 
.'. / = a + (n - 1) 6 ; but n = p-\-2; .•. n — l=p+l; 

.•./ — « = ('«+ 1) . 6; .: b= -, 

^^ ' ' p + 1 

(Ex. 1.) Find an arithmetic mean between 4 and 8. 

4 + 8 
Here m = = 6, and 4, 6, 8 are in arithmetical pro- 

gression. 

(Ex, 2.) Place 5 means between 1 and 3. 

^"'^ *=5Tl=B = 3' 

, 1,2,3,4,5 
••• ^-^3' ^•♦■S' '■'S' ^-^3' ^-^3' 

or -, -, 2, -, - are the means. 
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135. In any arithmetic series the sum of any two 
terms equidistant from each end of the series is a constant 
quantity. 

Thus the third term =a + 26^ 

the last but two = / — 26 ; 
.% third + last but two = / + a ; 
or generally^ the (1 + r)*^ term ^a-^-rb, 
and the (/ - r)^ term ^l—rh; 

136. We may here add the sum of the series^ 

1» + 2» + 3» + 4* + &c. + w». 

Let^=l» + 2^+3' + 4'+ &c. + «», 

S^= l» + 2»4-3» + 4'+ &c. 4-w' + («+l)*; 

.-. iS'i-iS' = (n + iy = n' + 2w + l, 

or the difference between the sum of n terms and that of 
«+ 1 terms is (» + 1)"; but if we assume that 

and .-. ^i=J(» + l)' + ^(«+l)»+C(«+l); 
.-. iS'i-iS' = J.(3w' + 3« + l) + ^(2« + l) + C 
= S^«* 4- {SA + 2jB) n^-A + B^C, 
and Si — S will have the same value in both instances, if 

3^ = 1, or ^ = |> 3^ + 2jB = 2, or 2^=1, or B = ^, 
and if J + ^ + C=l, or C=l-.|~i = g; 

.-. ^ = l» + 2* + S»+ &c. +n» = ^%^VS 
• 3 2 .6 

_ n.(2w' + 3»+l) _ n.(n-H)(2« + l) 
S ""■" 2.3 
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Ex. Find the sum of the squares of the natural num- 
ber to 100 terms. 

e 100 X 101 X 201 , ^^ ,^^ ^^ «o««i.^ 
= g = 1^^ ^ 101 X 67 = SS8350. 

Cor. In the same manner may the sum of the cubes 
of the natural numbers be found, and it will be seen that 

1^ + 2' + 3* + &c. + n^ = (1 4- 2 + 3 4- &c. + nf. 



EXAMPLES. 



(1) The sum of 1 + 2 + 3 + 4 + &c. to 50 terms = 1275. 



(2) 



(3) 



(4) 
(5) 

(7) 

(8) 

(9) 

(10) 



(11) 



2 + 5 + 8 + &c. to 17 ... =442. 



7 + ?£+l^ + &c. to 16 .. 
4 2 

12 + 8 + 4 + &c. to 20 . . 



15 4^ 



to 12 



23 20 17 ff ^ ^^ 
-TT + -^ + -^ + &C. to 15 
3 3 3 



1+2 + 3 + 4+ &c. to h 



1 + 3 + 5 + &c. to 100 . 



2 1 1 « . ^ 

_+^+> + &c. to 9 



= 142, 



= -520. 



= 37. 



10. 

n(«+l) 
~~2~' 

10,000. 
0. 



(8* + 9) + (8'+ll) + (8' + 13)+ &c. 

to 9 terms = 9'. 

2^ + 2f + 25 + &c. to 100 . . . = 1075. 



O^) 



-7-4-I + &C. to ^ ... ^9A. 
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(13) The sum of - 10 - 12 - 14 - &c. to 6 terms = - 90. 

(15) The sum of a series is 105, the common differ- 
ence 1, the number of terms 14; find the first term. 

Ans. 1. 

• 

(16) The first term is 2^, the last 35^, the sum 19O; 
find the number of terms. Ans. 100. 

(17) Insert 3 arithmetic means between 2 and 14. 

Ans. 5y 8, 11. 

(18) Place 5 between 1 and - 1 ; 

A 2 1^12 
Ans. - , - , 0, — - — - . 
3' 3 '33 

(19) There are n arithmetic means between 3 and 17, 
and the last is 3 times as great as the first ; find the num- 
ber of means. Ans. 6. 

(20) The sum of II6 + 10iM00 + &c. is 800; find the 
number of terms. Ans. 10. 

(21) The sum of an arithmetic series is 507, the last 
term is 75, the common difference 6 ; find the number of 
terms. Ans. 13. 

(22) The sum is 146^, last term 15f, number of terms 
30; find the common difference and first term. 

Ans. f, —6. 

(23) How many terms of the series 15 + — + — + &c. 

3 3 

must be taken to make 200 ? Ans. 16 or 75. 

(24) The 4th term of a series is 29, the 7th is 50; 
find the first term and common difference. 

Ans. 8 and 7. 
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(25) A body of soldiers is drawn up in the form of a solid 
equilateral wedge^ and the outer rank contains 180 men; 
find the number of soldiers. Ans. I629O. 

(26) Find the number in a hollow wedge, the ranks o£ 
which are 3 deep ; the outer rank containing n persons. 

Ans. 9^— S6. 



GEOMETRIC PROGRESSION. 

137. If there be a series represented by 

a + b-hc-hd + e +/+ &c., 

in which the ratio of any one term to that immediately pre- 
ceding it, is the same throughout the whole extent of the 
series, i. e. if 

- = 7- = -> &c. ; then a, b, c, &c. 
a o c 

are said to be in geometrical progression. 

As instances, we may taR the following series, 

1 + 2 + 4+8 + &c., l+^+i + | + &c.; 

in the former of which each term is twice, and in the latter 
half, of that immediately preceding it; or the ratio of the 
consecutive terms is in the one case 2, and in the other ^. 

Such a ratio is called a common ratio. 

138. The term ft, c, rf, &c may be more conveniently 
expressed in values of a and the common ratio; 

Let r = the common ratio; 

b J c w » 

,\ - = r; ,\ = ar; T = r; .•. c = 6r = flr',. 
a ' 

- = r; .; d = cr = ar^xr = aT^; 

c ■ * 
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or if a be the first term and r the common ratio^ ar, ar^, 
af^y ar\ &c. will respectively be the second, third, fourth, 
&c. terms, and the series (<S) may be written 

i^ = a 4- flr + a r* + flr^ + &c. 

It may be observed, that the index of r in any term is 
less by unity than its place in the series; thus, 

the third termsar"; the fourth = ar^, and so on; 

and thus the n^ term =ar^^; 
or if n be the number of terms, and I the last term, 

139. To find the sum of a geometric series, 
S = a -^ ar + ar^ + ar^ + &c. + ar'*^+ ar^^ ; 

.% Sr = ar -h ar^ + ar^ + &c» -¥ ar^' + ar^^ + ar"*, 
by multiplying the upper line by r; now subtract; 

.*. S—Sr^a — ar*; .*. iSr- iS' = flr"— a = a (r"- 1) ; 

r"-l 



.'. S = a. 



r-1 



This expression, with Z=ar^^, will be sufficient to give the 
mathematical solution of all questions respecting geometric 
series; but when n is a high number, the computation of 
r" by ordinary multiplication is almost impracticable; and 
recourse must be had to other methods which we shall here- 
after explain. 

Ex. Find the sum of 1 +2 + 2*+2* + &c. to 10 terms. 
Here fl = l; r = 2; n = 10; 
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^ = ^^ = 2'"- 1 = 1024- 1 = 1023; 
Z = 2*=512. 

140. When r is a fraction legs than unity, and .•. r" < 1, 
each term of the series will be less than that which im- 
mediately precedes it; and as n increases, the value of the 
corresponding term will decrease ; and when the number of 
terms is very great we may obtain a more convenient ex- 
pression for the sum of such a series than the one in the 
preceding article. For ••• r and r" are < 1 ; 






flr" 



1 — r 1— r 1— r' 

and Ji being supposed very great, r" becomes a fraction 
with a very large denominator, and when reduced to a 
decimal, the decimal point is succeeded by many cyphers; 

the value therefore of becomes almost inappreciable; 

but when n is indefinitely increased, is indefinitely 

decreased and has no sensible value; and thus the value of 
the series, a + ar -h ar^ + ar^ + 8cc. continued ad infinitum, 

a 



when r is a proper fraction, is expressed by ; or re- 

1 — r 

presenting such a series by 2; 2 = - — 



a 
r 



Ex. Find the value of ^ + ^ + J + &c., to infinity. 

Here a = ^, r = i, l-r = ^; .•.2=^=1. 

The value 2 is the limit to which the series constantly 
tends, but to which it can never be said to be exactly equal, 
but from which it differs only by a quantity insensible to 
calculation. We may shew what the error is in the above 
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series when we take 2 to be equal to the sum of 1000 
terms; for 

1 J^ 

a • olOOO 1 



i. e. -S differs from 2 by a fraction whose denominator con- 
sists of more than 300 figures^ or by a decimal the first 
significant figure of which is preceded by at least 300 
cyphers ; and as when n is greater, the error is less, enough 

has been said to shew that the formula 2 = -—- may re- 
present the sum of an infinite geometric series with suffi- 
cient exactness. 

141. To find a geometric mean between two quantities 
a and c; let m be the mean; therefore a, 7w, and c are in 
geometrical progression;' 



m c 

9 



'. m^=^ac; .*. m = Jac. 



a m 





., m c am 

Also •.•— = —: .•.— = — ; ,\ a : m :: m : c; 

am m c 

or quantities in geometrical progression are in continued 
proportion. 

142. An arithmetic mean is greater than a geometric. 

For if so, then --^— >/J^c; .*. a^ + 2rtc + c*> 4ac; 

.'. a'-2ac + c*>0; or (a-cy>0; 
which it is, whatever be the magnitude of a or c. 

143. To insert p geometric means between a and /; 
this is to find p-h2 quantities in geometrical progression ; 
a and / being respectively the first and last terms; we 
must therefore find r, 

9 
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a \aj 

Ex. Find 4 means between 2 and 64. 
a = 2; / = 64; |) = 4; 

# o4 5 y * 
.'. r = ^— - = ^32 = 2, hence ar, ar*, ar*, or*, 

or 4^ 8^ l6^ 32 are the means. 

144. Recurring decimals are instances of geometrical 
progression ad infinitum, and may be solved by the rules 
previously given. 

(Ex. 1.) Find the fraction which is equivalent to SSS, 
&c. to infinity. 

3 1 

which compared with ^+ar + ar'+ &c., gives a = — , r = — , 



and S^ 



a 10 3 1 



1-r j_ 9 3' 

10 



(Ex.2.) Let /S = .25313131, &c., 
multiplying by 100, to separate the non-recurring from the 
recurring decimal, 

100 5^ = 25.3131 ...&c. =25 + j; 

31 31 . 31 1 31 

100 10000 ^^t_J_ 99' 

100 

99 99 9900 
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(Ex. 3.) Let S = ,abbb &c. where a contains m places 
of decimals^ and b^ n places; 

.-. l(r^-fl^66 = a+ — +Y^ + &c. 

' b 1 b 



10"* _1_ 10"-!' 

10" 

^_ a b ^a . 10" + ft-fl 

•' ' "" lO*' "^ fO"*'(l6"-T) lO-'OO"-!) ' 

Thus if a = 25, 6 = 31, m = 2, w = 2, 

' o _ 25 X 10* -f 31 -• 25 _ 2500 + 6 ^ 2506 
10* (10^- 1) " 100"ir99 ~ 9900 ' 

145. To find the sum of - + — =- + - — = — + j — + &c. 

r r r r* 

the numerators of all the fractions being in arithmetic, and the 

denominators in geometric progression. 

^ ^ -, a a + 6 a + 26 ^ a+(n-9)b a + C«-l)6 
Let 5=-+ — 2-+ — la— + &C. + — \ y -^ — ^ — -^; 

iS'_ a a + b a + («-2)6 a + (n—l)b 



^ S a /b b ^ h\ a + On-lU 

Now to find -8 + -g + -4 + &c. 4- — ; this is a geometric 

series of which the first term = -5, - is the common ratio 
and n-l the number of terms ; therefore its sum is 



r» 






9—^ 
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^-1> ^ fl + (>t~l)6 ^ 



■•■^■(^)-?4(9^) 

Cor. 1. To find the same when r is a proper fraction 
and n infinitely great. 

y _ a h h 1 a + (» — 1)6 

"" r^ "^ (^ -^"^ ^^^^^ * (r - 1)« P>-1) ' 

and the two latter fractions being omitted since they are 
inappreciable ; 

Cor. 2. If a be the first and the second term, 

r 

we must multiply 2 by r for the sum of the series, which 

therefore is 



ar hr 

4- 



s • 



r - 1 (r - 1) 

12 3 
(Ex. 1.) Find the sum of p+ 55+ os"^ ^c* *® infinity. 

/St At tit 

Here a = 1, 6 = 1, r = 2 ; 

r — 1 (r - 1)' 1 1 
(Ex. 2.) Sum 1 + 2 r + 3 r« + 4 r' + &c. to infinity. 

Here taking the second expressioi^ and writing - for r; 

•.' a = \, 6=2; 

1 V 

^ r r 1 r 1 

••• 2 = —■-•- + ' . = + 



1,1 (i-iY I-'- (i-o*~(i~r)- 

r \r ) 



\ 



\ 
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or better thus: 

2 = 1 + 2r + 3r* + 4V^ + &c. 
.•. 2r = + r + 2r* + 3r^+ &c. 



.*. 2-'2r = l + r+ r" + r^ + &c. = ; .•. 2 = 



1-r' (l-rj 



(Ex.3.) Sum 1+-+3+I + &C. 

3 5 7 

2 = l+-+-5+-a + &c. to infinity. 

2 13 5^ 



.-. 2(l-i) = l+| + |,+ i + &c. = l+2.j .-1^ 

2 1 +r 
'^r-1 r-1' 



. ^_ (l + r)r 



EXAMPLES. 

(1) The sum of 1 + 2 + 4 + &c. to 12 terms = 4095. 

(2) of 1 + 4 +16 + &C. to 8 ... =21,845. 

(3) of 1+ 3 + 9 +&C. to 7 ... =1093. 

(4) of 4 + 12 + 36 + &e.to 10 ... =118096. 

(5) . . .; of 9 + 6 + 4 4- &c. to 8 ... = 25|5- 

(6) of 5 + 20 + 80H-&c.to 8 .,. -^ \<3iQ^,sa.^, 
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(7) The sum of - + - + ^ + &c. to infinity = -* 

o 3 O 3 

w «i-5^g-«^<^- =§• 

(9) .of9+6 + 4+&c =27. 

(10) of6+2 + |4-&c = 9- 

3 

0^) -^i-^1^-^-- = s- 

(12) of|+ 1 -h| + &c = |. 

(13) of 100 + 40 + 16 +&C =166|. 

(14) ofa+ ^ + — + &c = 



T^ V.WX'. ••• ••• ••• — " y • 

a a — o 

(15) Insert 3 geometric means between 4 and 64. 

Ans. 8^ 16^ 32. 

(16) Insert 4 between ^ and 81. Ans. 1, 5, 9, 27« 

(17) The difference between two numbers =12; and the 
arithmetic : to the geometric mean :: 5 : 4; find the num- 
bers. Ans. 4 and 16. 

(18) The sum of a series to infinity is 2, and the sum 
of the squares of the terms of the same series is ^; find 
a and r. Ans. a = 1, r = ^. 

(19) If S=l + R + R^+&c. to infinity, and 

s =ri +r-¥r^-hr^+ &c. to infinity ; 

find the sum of 1 + Rr + R'r^+ &c. to infinity. 

Ss 

Ans. -= . 

S + s- 1 
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(20) If P be the product^ S the sum^ and Si the sum 
of the reciprocals of n quantities in geometrical progression ; 

prove that ^ = ("o ) • 

HARMONIC PROGRESSION. 

146. Quantities are said to be in harmonic progression 
when any 3 consecutive terms being taken ; the first is to the 
third as the difference between the first and second is to the 
difference between the second and the third. 

Thus, if flj b, c be the consecutive terms in a series, then 
if a : c :: a — b : b " c, a, by c, are in harmonical pro- 
gression. 

147. To find an harmonic mean between two quantities 
a and c. 

Let H be the mean, then a, H and c are in harmonic 
progression ; 

,\ a : c :: a — H : H — c; 

2ac 



.*. aH-ac^ac — aH; .*. H = 



a-\-c 



CoR. Hence if G equal a geometric mean, and A an 
arithmetic mean between the same quantities; then 

•.• G = J^ and — — = A ; .\ a + c = 2A; 

2G* G' 
/. H = ^=i^ or A.H=G'; 

9,A A 

.'. A : G :: G : H. 
Cor. Hence since A is > G, G is > H. 

148. If quantities be in hai*monical progression, their 
reciprocals are in arithmetical progression* 
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Let a, h, c, d be in harmonical progression ; 

.'. a : c :: a — b : b-c ; 
.•. a.(b-c) = c ..(a - b) ; 
or dividing both sides by a be, 

c b~ b a' "a b~ b c* 

and in the same manner since b, c, d are in harmonical 
progression, 

1111 

__ __ __ _ __ ^_ __ • 

b c c d* 
and therefore the differences between the consecutive numbers 

1111 
abed 

being equal, these numbers are in arithmetical progression. 

Hence, to insert p harmonic means between a and /, we 

must insert p arithmetic means between - and -7. There is 

^ a I 

no method by which the sum of an harmonic series can be 
found. 

Prob. There are four numbers, the first three in arith- 
metical, and the last three in harmonical progression ; prove 
that 1st : 2nd :: 3rd : 4th. 

Let a, b, c, d be the numbers. 

Then ••• a, b, e are in arith. prog.; 26 = a + c; 

9,bd 



and 



••• 6, c, d are in harm. prog, c = j — -r; 



(a^e)d , , , , 

♦ /. c = ^-; — T-l •*• eb-\- cd=ad+ cd; 
b ^d 

•*. ad = be; and ,\ a : b :: c : d. 
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EXAMPLES. 

(1) Find an harmonic mean between 6 and 12. 

Ans. 8. 

(2) Insert two between 2 and 5. Ans. J, f. 

(3) An arithmetic mean between two numbers : geo- 
metric :: 5 : 4fy and the difference between the geometric 
and harmonic means = J; find the number. Ans. 3 and 12. 

(4) What is the 4th term of the harmonic series 2, 3, 6. 

Ans. infinity. 

(5) The 5th term of an harmonic series is ^, and the 
first term is ^; find the intermediate terms. 

Anc 1111 

(6) The sum of three terms of an hai*monic series is 11, 
and, the sum of their squares is 49 ; find the numbers. 

Ans. 2, 3, 6. 



PROBLEMS IN ARITHMETIC AND GEOMETRIC 

PROGRESSION. 

149. (Ex. 1.) The sum of»five numbers in arithmetic pro- 
gression is 30 and the sum of their squares 220; find the 
numbers. 

Let x — 9.yy x—y, x, x-\-y, x + 9.y be the numbers; 

.'. 5ar = 30; .*. a? = 6 the middle number, 

and {x-9,yy-^{x-yy + ar« + (or + ^r)^ + (a: + 2.y)' = 220 ; 

.-. 5a?'* +10/ = 220; .-. a:* +2/ = 44; 

.«, 2/ = 8, ^ = =^2, and the numbers are 

6=f4, 6=f2, 6, 6±2, 6±4 or 2, 4, 6, 8, 40. 
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(Ex. 2.) There are four numbers in arithmetic progres- 
sion, and the sum of the squares of the extremes is 101, 
and of the means 65, find them. 

Let x-Sy, x-y, x+y, x + Sy, be the numbers; 
.-. {x - SyJ + (or + SyY = 2 j:^ + 18/ = 101, 
{x - yy + (jr + 5^)» = 2 ir» + 2/ = 65 ; 

.-. 16/ =S6; .'. y = ^-^\ •'. •^' = -4-; ••• '^ = Y' 

.% the numbers are 1, 4, 7> 10. 

Observe when there is an odd number of terms in arith- 
metic progression, the common difference must be y, and 
the middle term —x; but when there is an even number, 
the common difference must be 2^, and the two middle 
terms, x—y, and x+y. 

(Ex. 3.) There are .4 numbers in geometrical progres- 
sion, the sum of the extremes is 18, the sum of the means 
is 12 ; find the numbers. 

Let X, xyy xy^, a;/, be the members; 

.'. X + xy^ =18, and xy + xy^ =12. 

Dividing one equation by the other; 

i + v« 18 i-y + y^ 3 

••^+/-12' •• y r 

.'. 2y~5^=-2; .-. ^ = 2; .*. a: + 8a: = 18; .-. a:=s2, 

and the numbers are 2, 4, 8, I6. 

(Ex. 4.) There are 4 numbers in arithmetical progres- 
sion, which being increased by 2, 4, 8, and 15 respectively, 
the sums shall be in geometrical progression. 
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Let x, xy, xy^, xif^, be the numbers when increased; 

.•. x-2, xy-^, xy^ — ^, xif—15 are in arithmetical pro- 
gression ; 

.-. 1st + 3rd = 2 X 2nd ; and 2nd + 4th = 2 x 3rd ; 

.'. X + xy^ - 10 = 2 J^^ - 8 ; ,\ x- 2xy + xy^ = 2 ; 

.'. xy + x^~\^ = 9.xy^ -16; .% xy-^xy^ + xy^ = S; 

••• ^^(l-25^+/) = 3, (1); ar(l-2j^ + /) = 2; (2) 

(l)-(2) j^ = |, and ^^1-3 + ^^=2; 

.•. x = S; xy^l2; xy'=i8; xy^ = 27; 

and subtracting 2, 4, 8, and 15 from these numbers, the 
remainders, 6, 8, 10^ 12, are the numbers required. 

EXAMPLES. 

(1) The sum of 3 numbers in arithmetical progression is 
30, and the sum of their squares is 308; find the numbers. 

Ans. 8, 10, 12. 

(2) There are 4 numbers in arithmetical progression, their 
sum is 24, and their product 9^5 ; find the numbers. 

Ans. 3, 5, 7, 9. 

(3) There are 3 numbers in geometrical progression whose 
sum is 31 ; and the sum of the 1st and 2nd : sum of 1st 
and 3rd :: 3 : 13; find them. Ans. 1, 5, 25. 

(4) * A traveller starts from a town, and travels 1 mile the 
first day, 2 the second, 3 the third, and so on; ^ve days 
after another traveller leaves the same place, by the same 
road, and travels 12 miles a day. On what day will he 
overtake the first traveller? 

Ans. 8th day, and on the 15th they vrvll «^^\w Vi^ \si^*^^£^> 
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(5) There are 3 numbers in arithmetical progression whose 
sum is 18; but if you multiply the first term by 2, the 
second by 3, and the third by 6, the products will be in 
geometrical progression ; find them. Ans. 3, 6, 9. 

(6) The sum of the 4th powers of 3 successive numbers 
is 353 ; find the numbers. Ans. 2, 3, 4. 

(7) There are 4 numbers in arithmetical progression^ their 
common difference is unity, and their product 360; find the 
numbers. Ans. 3, 4, 5, 6. 

(8) The sum of 9 numbers in arithmetical progression is 
45, and the sum of their squares is 285; find the numbers. 

Ans. the first 9 numbers. 

(9) There are 4 numbers in geometrical progression, the 
sum of the first and third is 10, the sum of the second and 

fourth is 30; find them. Ans. 1, 3, 9, 27- 

• 

(10) Find 3 numbers in geometrical progression whose 
sum is 7 and the sum of their cubes is 73* Ans. 1, 2, 4. 



CHAPTER VII. 



PERMUTATIONS AND COMBINATIONS. 

150. The different arrangements that can be made of 
any number of quantities are called their Permutations. 

Thus ah J and ha are the Permutations of a and h, and 
abc, achy hac, be a, cah, cha, are those of abc. 

Instead of taking all the letters at once^ let a certain 
number only be taken^ then such a permutation is called a 
variation; thus of the letters a, b, c, the variations taken 
two and two together are, ah, ba, ac, ca, be, cb. 

151. To find the number of variations of n things taken 
2 and 2 together. 

If a, by Cy dy Scc, be the n things ; first write the «— 1 things 
by Cy d, &c., by themselves, and then place a before each, 
in the following manner: 

aby acy ady acy af, &c. 

and we shall obviously have («- 1) variations where a stands 
first ; then write «, c, dy By &c., by themselves, and after- 
wards place b before each letter, and there will be («-l) 
variations, where b stands first; and so on for each letter, 
and as there are n letters, each of which may stand first, 
so will there be n setis of variations of (« — l) pairs of let- 
ters, or there will be « . (w - 1) variations ; i. e. if V^ represent 
the variations of n things taken 2 and 2 together, 

Fa=«. (»- 1). 

Next, to find the variations of n things taken 5 and 3 
together; first leave out a; then the iwmbct o^i ^wasks^^ 
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of the remaining (n — l) things, taken 2 and 2 together, 
will be (w — 1) . (fi - 2) ; if now a be placed before each of 
these, there will be («- 1) . (» — 2) variations of things taken 
3 and 3 together, where a stands first ; so also will there be 
(w — 1) . (w - 2) variations of things taken 3 and 3 together, 
where b stands first ; and so on for all the n letters, and there- 
fore the whole number of variations or Fa= » (w — l) (n - 2). 

Hence it will readily appear that if F^, V^, &c. be the 
variations taken 4 and 4, 5 and 5 together, that 

F4 = n (» - 1) (» - 2) (»- 3), 

F5 = w («- 1) («-2)(/i-3) («-4f); 

and .*. if the things be taken r and r together, 

F, = w (n - 1 ) (w - 2) . (w - 3) . . . {w - (r - 1)} ; 

for we see that the negative number in the last factor is 
less by unity than the number of things taken together. 

CoR. Hence we may find the permutations of n things ; 
for these are but the variations of n things taken, all, i.e. 
n and w together; 

making r = w, the last factor is w - (w - 1) = 1, 

and r^ = w (w - 1) (w - 2). . .3 . 2 . 1 ; 

or the number of permutations (P) of n things is equal to 
the product of the first n digits. 

Ex. Find the number of permutations of the 6 letters 
a, b, c, dy €,f} 

number =6.5.4.3.2.1= 720. 



CC-w 



152. In the preceding remarks we have supposed that 
each letter or quantity is different ; but when some are the 
same, the result in the last article requires modification. 
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Thus, as the permutations of a and h are ah, ba when 
a and h are different; but they become a a, i.e. one only when 
6 = a ; so the total number of variations found on the sup« 
position of each quantity being different^ must be divided 
by 2, when two of them, as a, b, become equal; for as in 
every arrangement of the letters there was originally found, 
both a and b, when these become equal every term must 
be twice repeated. 

And again since, abc may be permuted six or 2 x 3 
different ways, so long as a, b, c are different, but only in 
one way when a = 6 = c ; we must divide F, by 2 . 3, in 
order to find the permutations of n things three of which 
are equal; or 

P = ?lOl:J)_(4=|)^1i^^=„.(„_i)(„_2)...4. 

Next, if r of the letters be equal, and if P be the num- 
ber on this supposition; then since, if the letters had been 
all different, the number of permutations would have been 

» (» - 1) (« - 2) . . . (3 . 2 . 1) ; 

and because the r letters, if different, would have formed 
1.2.3...r permutations, and therefore combined with P, 
would have formed 

1 . 2 . 3 . . . r X P permutations ; hence 
1.2.3...rxP = 7i(w-l)(;i-2)...S.2.1; 
p m(w-1)(« - 2) . . .3 .2 . 1 

* * *" -t ^i — o * 

Cor. Had there been q letters equal, and also r let* 
ters equal; then we should similarly find that 

p_ w («~ 1) («-2)...S.2. 1 



153. When a letter can be repeated, i. e. when a can 
stand before a, the permutations are styled variations with 
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repetitions; thus of the letters a, h, c, if we have another. 
a to stand before each of the letters a, b, c, we have 
aa, ah, ac, or 3 variations, where a stands first; and, if 
we have another b and c, we shall have 3 variations where 
b stands first, and 3 where c stands first; and there will 
be 3 X 3 or 3^ variations of such things taken 9. and 2 to^ 
gether. 

So if there be n things a, b, c, &c. taken 2 and 2 to- 
gether where repetitions are allowed; there will be n va- 
riations where a is first, ?*, where b is first, and so on for 
each of the n letters; and therefore the whole number of 
variations = w x w = w*. 

And, if the letters be taken 3 and 3 together, and re- 
petition be allowed, as there are w* variations when taken 2 and 
2, and each letter may be placed before each variation of 
2 and 2; the whole number taken 3 and 3 will be 
n X w* = w^. 

And, if they be taken 4 and 4 there will be n times 
as many variations as when the same letters are taken 3 
and 3, i. e. there will be ?« x w^ = w* variations ; and if they 
be taken n and n together, there will, be «" variations. 

Hence, if it be required to find the total number of 
such variations, when taken 1 and 1, 2 and 2, 3 and 3, 
&c. n and n together, the sum 

= ?^ 4- n^ 4- w^ + w* + &c. + w" = n ( —\ . 

Ex. How many throws can be made with two dice ; the 
number equal the number of variations with repetitions that 
can be made with the 6 numbers 1, 2, 3, 4, 5, 6 ; = 6 x 6 = 36. 

It is supposed that 1, 6, and 6, 1 are different throws. 

Def. The different collections that can be made of any 
number of things without regard to their order, are called 
their combinations. 
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Then ah, ha which form two variations^ make but one 
combination; and ahcy which may be permuted 6 different 
ways, is but one combination. And if there be n things, 
their variations are n{n- 1) ; but as each combination, as a h, 
contains two variations, therefore the combinations taken 

2 and 2 or C^ = ^^^^ ' . 

Again, if they be taken S and 3 together, as each com- 
bination a, h, c contains 2 . 3 variations ; and the variations 
are w (n - l) (w - 2) ; 

/. Cg = the number of combinations = — ^ — ~\ . 

And C, the number of combinations taken r and r to- 
gether, will be, following the same reasoning, 

_ w(w~l) (n~2)...{n~(r~ 1)} 

The following examples will illustrate the preceding 
theory. 

(Ex. 1.) Find the number of permutations that can be 
made out of the letters of the word Algebra. 

Had the letters been different the number = 7.6. 5. 4. 3. 2, 
but there are 2 a*s, and .*. divide by 1x2, 
and the number =7.6.5.4.3 = 2520. 

(Ex. 2.) In how many ways can we write the term a^b*c^} 
There are 9 letters; and 3 a's, 4f b's and 2 c*s; 

, 9.8.7.6.5.4.3.2 ,.^^ 

.*. number = — r— 7; — 7r~^ — z — ;r— = 1260. 

2.3x2.3x4x2 

(Ex. 3.) In how many terms will a* stand first ? the 
number will be equal to the number of permutations of 

,. . 6.5.4.3.2 _ 
6*c* = — — —- — ;- = 15, 
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EXAMPLES. 

(1) How many changes can be rung with 5 bells out 
of 8 ? Ans. 6720. 

(2) How often can 8 persons change their places at 
dinner so as not to preserve the same order? Ans. 40320. 

(3) In how many different ways can the letters in the 
algebraic expression {^¥c*d be written? Ans. 1801800. 

(4) In the permutations of a, b, c, d, e,ft g, find how 
many begin with cd, Ans. 120. 

(5) How many different throws can be made with 6 
dice? Ans. ^&656. 

(6) In how. many ways may the letters of the words 
Calculus and Institution be written? Ans. 5040; and 554400. 

(7) There are 4 companies of soldiers, in each of which 
there are 12 men; in how many ways may 12 men be 
chosen, one being selected out of each company ? Ans. 20736. 

(8) Into how many different triangles may a decagon 
be divided by drawing lines from the angular points? 

Ans. 120. 

(9) Find the pemmtations of the letters in the word 
Proposition. Ans. 1663200. 

(10) There are 4 sets of different things, one containing 
4, another 6, the third 8, and the fourth 10; how many 
different combinations can be formed of them, taking 4 to- 
gether? Ans. 1920. 

(11) The whole number of combinations of n things 
taken 1 and 1, 2 and 2, 3 and 3, &c., together =2"- 1. 

(12) The total number of combinations of 2w things: 
total number of n things :: 129 : 1 ; ^^^ w* Ans. 7. 



CHAPTER VIII. 



THE BINOMIAL THEOREM. 

154. In the article on Involution, the successive powers 
of the binomial a =*= 6 have been found, by means of ordinary 
multiplication. There is, however, a theorem called the 
Binomial Theorem, by the aid of which, the mechanical 
labour of multiplication may in great measure be got rid 
of, and the expansion of (a + by be written down at once ; 
in fact we shall see that 

(a^-&)"=a" + na"-^6 + ;g^^-^fl''-«^'+ ^(^"'^^^^-^^ a"-«6«+&c. 

2 1.2.3 

But before we proceed to prove the truth of this theorem, 
it is necessary to prove the following proposition. 

If a + bx + cx^ 4- da^ + &c. = A-\- Bx + Car* + Da^ + &c. for 
every possible value of x ; then shall a = -4, b = B, c-C, 
&c., or the coefficients of like powers of x shall be equal. 

For as any value may be put for x, let x = ; 

.*. a=^ A ; and taking a and A from the original equation, 

bx + caf^ + dx^ + &c. = Bx + C:x^ + Da^ + &c. ; 

or b-\-cx + dx^ + &c. = B-{-Cx + Dx' + &c. ; 

.'. if 0? = ; b = B ; and then c = C ; d = D, &c. 

155.; This theorem wis exceedingly useful in many alge- 
braical operations; particularly in finding the terms of an 
infinite quotient: this is done by assuming a quotient with 
unknown coefficients, and hence the method is called that 
of Indeterminate Coefficients. 
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Ex. Find the first four terms of the quotient of 

"l + X ■{- x* ' 

1 — 3dr + 2a:' 
Let --— ^ = a + bx + ca^ + dx^ + &c. : 

1 + a: + 0?* ' 

then multiplying both sides hy 1 + x + x', 

1 - 3a? + 2a:* = a + bx + cx^ -{• dx^ + &c. 

+ aa? + ba^ + CO? + &c. 
+ aa:* + 5a;® + &c. 

Hence equating the coefficients of the like powers of Xy 
a-1; b A-a = — S; .*. ^ = -4; c + b + a = 2 ; ,\ c = 5 ; 
d + b + c = 0; .*. rf = -6-c = -l; 
l-3a: + 2a:* 



1 + a? + o:^ 



= 1 - 4a: + 5x^ -a^-^ &c. 



(Ex. 2.) li x=y —y^ find ^ in terms of x. 
Let ^ = tfa: + ia:"4-ca:* 4-6?a:*4- &c. ; 
/. y = fl*a:' + 2a6a:^ + (6* + 2flfc)a;^4 &c.; 
.•. x=y-y^ = ax + (b-' a^) x^ + {c- 2ab) x^ 

+ (d'-b''-^ac)x* + &c. ; 

ft 

.•. a = 1, 6-fl"= 0; ••. 6 = a*=l, c-Qab = 0; .', c = 2, 
rf-6*-2ac = 0; .-. d = b^ ■¥ 9,ac^ 5 ; 
.*. ^= a: + a:* + a:' + 5a:* + &c. 

156. If the simple equation a + bx = A + Bx be true 
for every value of x ; we may shew that a = A and b = B, 
by a method less liable to objection than the one just used 
for the general equation. 
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For since any value may be put for Xy 

let x-rifi; .•. a + bm^ A + Bin ; 
subtract this from the original equation ; 

.•. 5 (a: - wi) = J5 . (a? — wi) ; .•. h = B, and .*. a^A. 

In the same manner, if a + bx + cx^ = A-h Bx + Ca^, we 
may, by taking two values for x, shew that a = A, b = B, 
c=C. 

157. The equation a-{'bx = A + Bx just considered, dif- 
fers greatly from those treated in the chapter on equations ; 
there x is supposed to be a determinate, here an indetermi- 
nate quantity; in the former case it is dependent upon the 
constants of the equation and the coefficients; in the latter 
it is altogether independent of them ; thus if x is to be found, 

, * A — a 

we have x = ^ ^ . 

6 — xj 

But if a: be any thing whatever, i.e. is indeterminate, A^a, 
b = By and ^ = tt ; a singular result, and which we see is 

in this case the symbol of an indeterminate quantity. 

P 

Sometimes x equal to a fraction tt becomes -, when a par- 
ticular value is put for the unknown quantity in the nume- 
rator and denominator; such a fraction is called a vanishing 
fraction; but the true value of x may be found from the 
fraction, as we shall see hereafter. 

And here we may mention two other values -, and --, 
which are of frequent occurrence. 

Since -=6x-; ifi = 0; - = Ox-=-xO, which by 
a a a a a ' ^ 

the principles of multiplication = 0. 

Next jr is to be explained; we know that the value of 

a fraction as r depends upon the relative and not upon the 



214 BINOMIAL THEOREM. 

absolute values of a and b. That if a contain h many times^ 
the value of the fraction will be great, although a be not 

a lar£re quantity. Thus if a be a foot and h the th 

^ ^ ^ 1000 

part, f'^—T—'y ^^^ i^ ^ be the ,.^^^^ th part of a foot, 

= — I . Hence also we may see that the value of a 

fraction increases, as its denominator decreases, and becomes 
infinitely great when the denominator is infinitely small; 
hence as may represent the infinitely small state of a 

quantity, - will be equal to an infinitely large quantity, 

a 
or- = ». 

158. We shall now proceed to establish the truth of 
the Binomial Theorem, or to prove that 

(a + by = a" + wa"-^ b + n ^^"^^ aT^^b^ 

2.3 
whatever be the value of «. 

But first ••• a-\-b = a\\ +-); 

.-. {a + by = a" U -h -V = a" (1 + a?)% 

where a: = - : 
a 

hence if we can prove the truth of the expansion of (1 + xy 

we shall obtain that of {a + by, by multiplying (1 + a:)* by 

fl", and rewriting - for x; this being allowed we shall at- 
tempt to shew that 

^ ^ 2 . 1.2.3 
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The proof may be divided into two parts. 

1^ To shew that (1 + a;)" = 1 + wo: + Sec. 

2\ To find the general law of the coefficients. 

(1**) To shew that the coefficient of the second term 
of the expansion of (1 + x)" is n ; whether n be integral or 
fractional, positive or negative. 

Let the index be positive and integral; then since by 
multiplication we know that 

(1 + A')* = 1 + 20? + &c. 

(1 4-ar)^=l +Sa? + &c., 
let us assume (1 + xy~^ = lH-(w-l)ar4- &c. ; 

.*. (1 + x)" = {1 + (« - 1) a: + &c.} (I +x) = l + nx + &c., 

by multiplication. 

Hence if the rule be true for any one index w - 1, it 
is true for the next superior index w. Now by multiplica- 
tion we find that it is true for the index S, it is therefore 
true for n-^; therefore for » = 5, and hence by continued 
inductions it is always true for «, integral and positive. 

(2^) Let n be a fraction = - . 

p 
And let (1 + x)q = 1 + ax+ &c. = 1 + Axy where Ax 

represents all the terms by which x is multiplied ; 
.-. (l+xY = (\ + Axy; 
.*. 1 + pa? + &c. = 1 + qAx + &c. -\ -\-x (qa + &c.). 

Hence equating coefficients of x, p = qa; .•. a = 2 . 



p p 



And (l+a?)9 = l + -J?+ &c.. . . 

q 
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Lastly let n be negative; but then 

(1 + ar)~" = 7- r- = :: 3— = 1 - na: + &c. by division ; 

^ ^ (I +a:y 1 + war + &c. . "^ 

and .'. (1 + ar)"= 1 + wa: + &c., whatever («) be. 
Hence .•. (a + by = «"(!+ wo: + &c.) = a" (l + w - + &c.) 

Cr 

= a" + wa"~^6 + &c., 
and the first two terms of the series are determined. 



Let (1 + a?)* = 1 + wo? + A^ a:' -h A^x^ + A^ x* + &c., where ^j, 
A^y A^ &c. depend upon w. 

For a? put x + z; 

.-. (1 + a: + s)"= 1 + w (a: + 2) + ^4, {x + zf -^ A^{x + zf 

+ A^(x-h zy + &c. 
But •.• (a + by = a" + wfl""' 6 + &c. ; 
.*. (a? 4- 2:)* = a:* + 2xz + &c. 
(x + zy = af^ + 3x^z-\- &c. ; 
.-. (1 4- a? + z)" = 1 + war 4- -^ja?" + -^ga?* + A^x* + &c. 

+ (w + 2i4aa; + 3^3a;* + 4^4ar*+ &C,)z+ &c. 
= (1 +a?)"4-(w + 2i4aa: + 3-43a?*+&c.)^+ &c. (a). 

But •.• (1 + ar + s)* = { (1 4 x) + s}", considering 1 4- ar as 
one term; 

.-. {(H-a?)4-5}" = (l4-a:)"4-w(l4-ar)"-*S4-&c. (/?); 

w% equating the coefficients of z in (a) and (/?) 

n^-^A^x^-SA^a^ -^AiA^oi^ -¥ &c. = w(l 4-.r)"""S 
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multiply both sides by 1 + Xy and we have 

n + 2AaX+ SAjiO^ + ^A^x^ + &c.l 

> = «(l+a?)- 
+ wo: + 9,A^a^ + SA^a^ 4- &c. J 

= w(l +«a?+ A^x^ + A^a^ +Sii,c.) 

« 

hence equating coefficients of the same powers of x, 

2Ao + n=in'; .*. 2-4, = n'- w = ii . («- 1); .'. Ag^n^—^ — ^, 

3A, + iA, = nA,; .: 3At= A,(n — S,); 
. 4 - 1 «-2_ «(»-0( »-2) 

Also 4yl4 = n^3 — 3^a = ^a(n— 3); 

. n(«-l)(«-2)(«-3) 

•• ''*~1 . 2 . 3 .4 ' 

and 5Ai = nAi — ^Ai = Ai(n — 4,); 
. A -A ^^^^ 
And thus A^^A^.i | ^~V^"" ) i = ^ _^ / » + ~r \^ 

^ ^ 2 2.3 

h 
and /. putting - for x, (a + 6)" 

* a 2 fl" 2 . 3 fl^ ' 

= a" + w a"-' 6 + ^ ^ — ' a "-* 6* + ^ ^ — - a""^ 6® + &c., 

2 2.3 

which is the theorem required. 
10 
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Cor. 1. If -6 be put for b; then since the odd powers 
of (— b) are negative^ and the even powers positive^ 

.-. (a + by + (a -by 

*= 2{a" + -^^- — - a"-^ 6* + a Q — . ' « b* + &c.} ; 

and (a + 6)"-(a~i)" 

^ 2.3 * 

CoR. 2. It may be observed that the sum of the in- 
dices of a and b in each term = n. 

Cor. 3. If n be positive and integral, the series will 
terminate and consist of n + 1 terms. 

For since Aa = Ag , — -— and ^44 = ^3. — -— , we see that 

3 4 

each coefficient is derived from the preceding one, by mul- 
tiplying by a factor which is less by unity than the least 
of the preceding factors, and by dividing by the number of 
terms; at length therefore there will be a factor «-« or 0, 
and the coefficient = and the series will terminate ; we may 
find the term thus; 

••• ^r=^r-.{ ""^^~'^ }; if ^,=0, 

n - (r - 1) = 0, or r = » + 1 ; .'. A^+i =0, and A^ is the last 
coefficient, and A^ af the last term ; hence, since A^ is as- 
sumed to be the coefficient of the (1 + rj^ term ; therefore 
A^ is that of the (1 + »)* term ; or the number of terms 
= l + n. 
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159. To find the general term of the series. 

Let this be the ( 1 + r)'* term, then its coefficient wiD 
be Ar and (r) will be the index of x ; for this index is less 
by unity than the place of the term in the series; thus A^x* 
is the third term; now we have seen that 

_ n(«-l) . 



A. 






and Ar = A^^i \~^r—) ' 



.*. by multiplying these terms together, 

A _ » ' (w - 1) C'* - ^) (» - 3) (« - r + 1) 

'~1 . 2 . 3 . 4 r 

,'. (1 + ry^ term of (1 -f a?)»= ^,a?"= A^ (-Y 

^ n(w->l) (w-r4-l) /6Y 

"1.2 r W ' 

and .*. the general or (l + r)^ term of (a + &)* = a*x Ar.x' 

_ n(«-l)(n-2) (n-r + l) ^,^ 

"1.2 . 3 ? '^ ^• 

160. Hence to find, when n is positive and integral, the 
(I + n)^ or last term, let r^n; 

10—2 
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.'. w-r = 0; .-. a^=l, b'-h"', and w-r+l=l, . 

n(n~l)(n-2) 1 

^"""^ ^"-1 .2.3 n~^' 

/. (l + w)"* term =6", the same as the first term, only h is 
written for a. 



Again, the last term but one or the n^ term is found 
by putting r = M-l; .*. w-r+l=2; 

;i(>»~l)(n~2) 3'^ -^ 

••.^"-^"l .2.3 (w-l)" 

= coefficient of the second term, 

and i4„_ia"-*^6' = n<3f6"-*. 

In the same manner the coefficient of the last tercri but 
two, or ^«.s= -^5 — ^ = Aa, the coefficient of the third term 

and of the last term but three or A^_^= . ^ — ^~~^ =-^3> 

that of the fourth term, and so on, or the coefficients of terms 
equidistant from each extremity of the series are equal. 

Also we see that the last term but two = -^-— — - a^ 6"""*, 

and that this as well as the last term but one may be 
derived from the third and second terms by interchanging 
the letters a and h, 

161. When « is a fraction the series does not terminate; 
for r being a whole number w — (r-1) can never = 0. Also 
if n be negative the series is infinite, for putting — n for w, 

W 4* J* ~~ 1 

we have A^^ — A^^y^ which cannot vanish ; for w + r 

being the sum of two whole numbers always exceeds unity. 

162. Finally in making use of the general or (1 -j-r)**' term 
of a series, it may be observed that the number of terms in 
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the numerator^ as also the number in the denominator^ is equal 
to Ty the index of h, which is also the number by which the 
first index of a has been diminished. 



163. When n is even the number of terms is odd, and 
the middle term is the ( ^ "** ^ ) term, which is 

«(«-l)(«-2)(n-.3)...{/i-(|-l)} , 

> a;' 

1.2.3 . 4 ^ 



„(„_1)(„_2) („-3)...(|+l) . 
1.2 . S . 4 ^ 






-2». 



(n -^ 1) (n - 3) . . . 3 . 1 w («- 2) . . . 4 .2 ^ J 



I . (|-l)...2.1 ^ • 4...(«~2)n| 



i 1.3.5 ...(»- 1) J 
22. ^ ^ j:*. 

2 



(w — 1 \^^ 

(« + 1 \*^ 
— ^ — +lj , which will be found to have equal 

coefficients; for from the general form 



. _ » (« - 1) (« - 2) . . . (if - r + 1) 

'""1.2 . 3 ::: ? ' 



.i 
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and then putting — — and — - — successively for r. 



n («- 1) («-2). . -(w-^-g^ + l) 



* 1 . 2 . 3 



«-l 



n (w - 1) (« - 2) . . . 



w + 8 
2 



X • A • O ••• 



»-!' 



^n+l = 



» (» - 1) (« — 2) . . . ( n - 



» 4- 1 



^ 



1 . 2 



«+ 1 



2 



« (w - 1) (« - 2) . . . 



n + 1 
~2~ 



1.2.3 



« (n — 1) (w ~ 2) . . . 



wj-1 
2 



w + S 



1.2 . 3 






164. Next to find the sum of the coefficients ; since 

(1 + or)** = 1 + ^1 J? + A^x^ 4- A^a^ 4- &c. + -4ia?"-*+ A^x\ 
Let or = 1 ; 

.-. (1 + 1)" = 2" = 1 + w 4- ^a + ^8 + ^^4 4- &c. = sum required. 
Agahi writing -a? instead of x, 

(1 -0?)"= 1 - i^i X 4- ^gX*- ^3^^ 4- A^x^- &c. 

If 07 be made again = 1, then since (1 - 1)" = 0, we have 

l-'Ai+A^'-A^+ A^-&c. =0; 

.-. 1 4- Ja4-i^4 4--4a+&C. = il^4- il»4-i4s+.&C., 
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or Ae sum of the coefficients in the odd places is equal 
to those in the even. 

Thus, if we take the coefficients of (1 + xy 
the sura = 1 +7 + 21 + 35 -fc 35 + 21 +7 + 1 =128 = 2^ 
Again, the coefficients of (1 + xf are 

1, 6, 15, 20, 15, 6, 1. 

And 1 + 15+15+1 = 6 + 20 + 6. 

(Ex. 1.) Find the expansion of (2ar + Sy)*. 
Here 2 j? ■= a, 3ji/ = b, n = 5» 

A (2^ + 3^y=(2;r)»+5(2xySy + ^(2:r)»(Sy)« 

4 ^i±il (^xy {syy + f'f'f'^ (2^) (3y) 

1.2.3^ /v^/ 1.2.3.4^ /vjf/ 

^ 1.2.8.4.5 (^^> 
= 32a:=+ 240a?'j^+ 720a:y + 1080^?*/+ SlOor/ + 243/. 

(Ex. 2.) Find the expansion of (1 + xy. 

Here a = 1, 6 = j:, n = ^ ; 

, , 1.1,1.1 .3. 1.1.3.5 . „ 

(Ex. 3.) Find (l-a;)"*; here 0=1, 6 = -*, « = -^; 
.-. (I -^)-i = 1 - i (_ or) + ti)i=i^) (- xf 



(-i)(-i-l) (-4-2), X3 , 
+ ^ 1.2.3 ^ (-*)'+ &c. 

^ 2.4 2 . 4.0 
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(Ex. 4.) (a + &)« = a« + 8a^ 6 + 28fl<' 6« + 56a' 6» + 79a* b* 
+ 56a^ b" + 28a' i* + 8a6^ + a\ 

(Ex. 5.) (5 + 4a:)* = 625 + 2000 x + 2400 a?' + 1280 a^-h 256x\ 

(Ex. 6.) (3-2 a?7 = 729 - 29l6 ar» + 4860 a:* - 4320 a?" 
+ 2160 or"- 5760:'^+ 64 or". 

(Ex. 7.) (1 + 2^) = ±-+ |x^y + Hj;Y^ 20a?Y 
+ 60a?»y+ 96a?y+64/. 

(Ex. 8.) (3ac-2&rf)*= 243fl*c*-810a*c*6e; 
+ 1080a^c'6*d'-720fl2c«6«rf-* + 240ac6*d*-326*d*. 

(Ex. 9.) Find the 6'^ term of {x" + 3arj()'; 

1 /. Mh -. n(7i-l)(«-2)... (71+ 1-r) ,,^ ,^ 
the (1 + r)'^ term ^ — > ' — g ^^ « ^ • 

Here « = 9, r = 5, a = «', 6 = 3*^; 

.-. (1 + 5'") = ^'I'l'l'i W (3*^)' = 9 X 7 X 2 . «" X SiS**^' 

= S06l8a:'y. 

(Ex. 10.) 8'^ term of (1 + x^ = 330a:^. 

(Ex. 11.) 5^ . . . of (l + 2j() = 70 a-^^^*. 

(Ex. 12.) 6'*' . . . of (x - 5^)"* = - 142506a** &*. 
(Ex. 13.) 5'^ . . . of (a* - &»)'' = 495a^*6«. 

(Ex.14.) Find the expansion of (l+-) when n is 
very great. 

Here a = 1 ; i = - ; 

n 
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\ nj n 1 . 2 »* 2.3 w^ 

= 1 + 1 + — — + — — 5 + &C. 

1.2 « 2.3 n* 

_1 1_ 1 J 3_ 1 ^__ 1 ^ 



1 . 2 "*" 2 . 3 ■ 2 . 3 . 4 ' 2« 2w 3m' 






but as n is very large, the fractions - , -, are inappreciable ; 

(l\* 1 1 

1+-) =2 + v-;, 4- — - +&C. =^.71828 ... a particular 
n/ 1.22.3 

number designated by e. 

165. To find ,/N when N is very nearly a square or 
a high number. 

Let iV = fl" + dr ; .•. JN = J a' + a: = a^ 1 + -^ . 

1+-5J=1+- -J very nearly ; •.• x is small and 
a great; 

From whidi we obtain this practical rule, * having found 
the square root of the integer part of a number, consisting 
partly of integers and partly of decimals, the remainder of 
the root may be ^und by dividing N-a^; i. e. x by 2 a.' 

Ex. Find the square root of 124.25. 

Here N= 121 + 3.25 = a* + 3.25; .-. a = 11, 



3.25 



= .1114; .% JN=z 11.1114. 



2a 22 

10—5 



pun 
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Again if N=a'* + b and 1/N be required, 
the., y2sr= ;/«.(i 4) = a (l 4)= 

,.16 1 \«~V 6' » , 



Ex. Find the 5* root of S3. 
Here N=35 = SZ + 3 



= 2'(i.|); 



.'. a = 2, 6 = 3, » = 5 ; 
5/-- , 3__ 4,. 3^ 4.9 -3^ « » 

166. In the preceding example, since the series con- 
tinues to infinity, we obtain only an approximate value for 
the required root; and as the denominators increase at a 
much more rapid rate than the numerators, a few terms 
only need be taken for practical purposes; still it may be 
required to know what is the error, or what is the limit in 
amount of the error occasioned by neglecting the remaining 
terms of the series. To do this, let R be the root required, 
and as the terms are alternately positive and negative, 

let R = a-b + c — d+e -f + g — A + &c., and let 

R^ = a — b + c — d + e-f-hg. 

Then since the terms continually decrease, a — b, c — d, e —f^ 
g — hy &c. are all positive, and therefore R^ which contains 
three only of these differences will be < R, and as for 
the same reason, all the pairs of terms after g, as 
"h+kf — / + wi, &c. will be all negative, R^ will be > iJ ; 
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and therefore the true value of the series lies between R' 
and i?, or 

and a — b -^c-^d-^-e—f+g, 

or the error committed by thie omission of any number of 
the terms of a converging series^ is less than the first term 
of the omitted part of the series. 

Thus in the preceding example if we compute the root 
from 5 terms, the error will be less than the 6th term, which is 

(n-l)(2w-l)(3n~l)(4n-l) ^ 
2 . 3 . 4 . 5«* y-' 

or substituting, is less than 

4x9x14x19 1 3* 9^x7x 19 9^957 



2xSx 4 X 5 *5**32* 5^x32* 524,288.000,000' 

167. To find the greatest coefficient and the greatest 
term of an infinite series. 

Since Ar = Ar_i , A^ will be > Ar-i, so long as 

r 

is > 1 : the first value therefore of r which will 

r 

make < 1, will indicate that the preceding coefficient 

r 

is the greatest ; to find r, 

;i - r + 1 is that number next > r, 

orn + 1 > 2r, 

n+ 1 



or r next less than 



.•. (1 + ry^ coefficient is next 



2 ' 

w + 3 



< 



2 



Thus if 71 = 8, — ^— = — and the next less integer is 5, 
and we find by trial that the 5th is the greatest coefficient. 
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If n be an even integer the greatest coefficient is the 

f - + 1 J ; if 72 be an odd integer there will be two coefficients, 

w + 1 *** n + S^^ 

the -— — and the — -— each greater than any other. 

Also in a converging series, if the greatest term be 
Ar^iX''''^ then since the next terra is A^^i a?*" = A^oT ; 

T 

A^3f w - r + 1 ^ - 

X must be < 1 ; 



A,,^x'-' r 
.*. (n-^X)x <r+rx; .*. r > (n + 1) ;: 

1 + q)3 . 



u 13 3 52 

Here /•>———>— ; .-. r > 2 ; .-. r = 3, 

and the 4th is the greatest term. 

168. To find the sum of the squares of the coefficients 
of (1 + xy ; 

••• (1 + a?)" = 1 + 7ix + Agx' + &c. + AgX''^^ 4- naf-^ + x^; 
.'. (1 +ar)" = a?" + »a:"""*-f AaSf'^-h &c. + A^x^ + nx + 1; 

.'. (1 + a?)*" = or" + ?i"a?"+ (^O^-^^" + &c. + (A^Yx^ + w'a?'»+ ar"+ &c. 

or the sum of the squares of the coefficients = the coefficient 
of jj" in the expansion of (1 + or)'". 

But the coefficient of or** in that expansion is the (1 + ny^ 
coefficient ; hence putting r = n and n = 2 « in 

^ w(yi-l)(n-2)...(yi-r+l) . 
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.-. (1 + n)* = 2''(g'»-l)(g«-2)-'-(»' + l) 



(1.2.S...7I)' 

~ (1.2.3...«)* 

(2w- l)(2;z-3)...5.3. 1 xn (m-1)...2 . 1 

(1.2. 3...«)' 

1.3 .5...(2yi~l) 
which is the sum of the coefficients. 



169. We shall conclude this chapter by the expansion 
of a', or shall prove the truth of the exponential theorem, 
that 

(f =^1^- Ax+ - — - + — — - + &c. + -— + &c. 

1.22.3 1 .2...W 

where J =(a-~ 1)- ^(a- 1)'+ J(a- 1)*- &c. 

For a'=(l +a-l)' = (l +c)' where c = a- 1. 

But (l + c)'=l+;rc + ;t^c'+i^^f4%:^c»+&c. 
' 2 1.2.3 

jr*-a: « a:'--34^ + 2a: . ^ 
= l+xc4--^- c* + ^-^ c« + &c 

= l+a:(c-.J + |'-&c.) + a^(^-^ + &c.) 

= 1 + i4.r 4- -^aJr* 4- i^gOr® + &c. 

where i4 = c-- + -- &c. =(a-l)-i(a-l)*-f &c. 
and A^y A^ &c. depend also upon powers of c. 
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Hence we may assume that 

a'=l + Ax + A^x^ + A^!3^ + A^^x'^ + &c. ; 

But a*' = fl* X a* = (a*/ ; 

.% 1 + 2-^0: + 4i4ajr" + 8-4jjr'+ l6i44J?*+ &c. 

= 1 + 2 i4 a: + ( J« + 2 yia) 0?" + (2 ii, + 2 ^i^g) a?» 
+ (2^4 + i^/ + S^i^a)** + &c. 

Hence equating coefficients of like powers of x^ 

A' 
4iA2 = A' + 2Aa; .-. ^a = -s-> 

A* 
%A^-ZA^+^AAii /. 6-48 = -4'; .'. -^8 = 



2.3' 



A* A* A^ 

l6A^ = ^A^+Aa' + 2AAfi; .-. 14^4 = — +—; .-. -^4 = 



4 3' • * 2.3.4' 

and .*. 0"^= 1 + ^j: -< 1- — — I 1- &c. 

1. 22. 32. 3. 4 



CoR« Let 6 be that value of a which makes A=l; 

To find e let « = 1 ; 

.•. e = 1 + 1 + — - + -—- + &c. = 2.71828, &c. 
a value which we have had occasion to mention. 
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LOOABITHMS. SIMPLB AND COMPOUND INTBBEST. 

1. If .y be a number such that N= a', then x is said 
to be the logarithm of N and a is called the base of the 
system of logarithms. 

Hence a logarithm may be defined to be the index or 
power to which the base is to be raised that the result may 
be equal to a given number. 

Instead of writing the word logarithm; log, or some^ 
times 1. only is used. 

CoR. Since a = a\ and 1 = a^ it follows that the logar- 
ithm of the base is unity and the logarithm of unity is 
= 0, or loga=l and log 1 =0. 

In the tables in common use, the base is 10; and since 
10=10*, 100=10', 1000=10^, 10,000=10*, &c.; .-. 1= log 10, 
2 = log 100, 3 = log 1000, 4 = log 10,000, &c. 

Hence the logarithm of a number between 1 and 10 
will be a fraction < 1, the logarithm of a number between 
10 and 100 will be > 1, < 2 ; between 100 and idOO will 
lie between 2 and 3 and so on ; and thus if ,x be the lo* 
garithm of 6, or 6= 10-*; therefore %• 60 = 10 x 10*= 10^-' ; 
600=10'-', &c. 

.*. log 6 = .x ; log 60 = 1 .j: ; log 600 = 2 .or, &c., 

the integer number prefixed to the decimal is called the 
characteristic, the decimal part the mantissa; and we see 
that the characteristic (when positive) is always one less 
than the number of digits in the number whose logarithm 
is sought. 
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We have mentioned that in the ordinary tables the base 
is 10; also every number is supposed to be represented by 
10^; hence to find the logarithm of a number^ is to obtain 
X from the equation \(f — N; this is done by means of 
series^ involving the powers of N ; the investigation of which 
we have not space to attempt 

From these series the logarithms are computed^ at the 
expence of prodigious labour^ and are then registered in 
tables to facilitate the calculations of others. 

The invention of logarithms is due to Baron Napier; the 
base he used was the number 2.71828, &c., which we have 
before represented by e ; the base 10 was adopted by Briggs, 
by whose name the logarithms to that base are sometimes 
called. 

We have just seen that O=logl ; what is then the lo- 
garithm of 0? Since represents the value of a fraction 
with an infinitely great divisor; 

.*. = — = a fortiori -?? = a ~* ; 

.*. by the definition of a logarithm, log = — oo. 

The following propositions will exhibit the utility of lo- 
garithms; the use of the tables may in general be learnt 
from rules given in the prefaces to such works. 

Prop. 1 . The logarithm of the product of any numbers 
equals the sum of the logarithms of the factors. 

Let Ni, Ngt Nay &c. be any numbers, 

^\> ^2> ^8> &c. their logarithms; 

... i^j = a% Ng = a\ iVg = a% &c; 

.-. N,x N^x N^x &c. := a'l x a'2 x a% &c. = a'i-»^'s+'3+*«*; 

.'. log (Ny^ X 2Va X Nj &c.) = oTi + org + 0:3 + &c. = log Ny+ log N^ 

+ log ^8 •*■ &C. 
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Prop. 2. The logarithm of the quotient of two num- 
bers^ is the difference between the logarithms of the dividend 
and divisor. 

-, Ni ' a'l 

.-. log ^^ j = or, - or, = log i\^i - log iV^ 

Prop. 3. The log {N,"^) = m log N,. 

For ••• Nj-(fi; .•. Ni'* = a'"i; 
,', log (^i)"* = m Xi = m log iV^. 



? m 



Prop, 4. The log {N,y^ - log N, . 



tnxi III |||A 



For iSTj * = fl » ; .-. log (N^) " =— log i^i. 

Cor. Hence if the logarithms of numbers be collected 
into tables^ the multiplication or division of numbers may 
be effected by means of the addition or subtraction of their 
logarithms^ and the involution or evolution of numbers 
by multiplying or dividing the logarithms of the power or 
root. 

2. In the tables most used the decimal part of the 
logarithm is alone put down^ and the characteristic is left 
to be added when wanted; this^ as we shall see^ prevents 
the tables from being of inconvenient size. 

For if we have log N =■ x; then 

log {N 10") = log N-¥\og 10" = log N-¥n, 

log \j^ = log iV- log 10" = log iV^- « ; 

or knowing the logarithm of N, we can find the logarithm 
of every number^ whether an integer or a dedmal^ which 
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has the same significant digits; thus as 5.621 is between 
1 and 10^ its log is between and 1^ and we find from 
the tables that 

.-. log 5.621 = .7498136; 

.♦. log 56.21 = 1.7498136; 

log 562.1 =2.7498136; 

log 56210 = 4.7498136; 

for 5.621 X 10 = 56.21, and 5.621 x 10* = 56210. 

Also log .5621 =- 1.7498136; 

log 05621 = - 2.7498136. 

For .5621 = ^^^ ; .-. log .5621 = log 5.621 - log 10. 

^ 621 
And .05621 = ^^; •• log .05621 = log 5.621 - log 100. 

Hence this rule, if the number have n digits before the 
decimal point, the characteristic is n — 1 ; and if the num- 
ber be a decimal with » — 1 cyphers before the first signifi- 
cant figure, the characteristic is - n, 

(Ex. 1.) Find x = log (37-48 x 1.752 x 406.5); 

.-. X = log 37.48 + log 1.752 + log 406.5, 

log 37.48 = 1.5737996, 
log 1.752= .2435341, 
log 406.5 = 2.6090605 ; 



.-. X = 4.4263942. 

(Ex. 2.) Find a? = log -— ; .-. jc = log 7 - log 15, 

log 7= .8450980, 
log 15= 1.1760913; 

.-.« = -- 1.6690067. 
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(Ex. S.) Find x = log (T\ ; .-. « = u (log 7 - log 3), 

log 7= .8450980, 
log 3= .4771213, 



.3679767 
14 



0? = 5.1516738. 



18 

(Ex. 4.) Find x = log (954)»7 ; 

12 
.-. or = —log (954) = 2.1032106. 

(Ex.5.) 2'= 769; find x; 
.-. :r log 2 = log 769 ; .'. x^ ^gS = S'^^^SSg. 

(Ex. 6.) Given a"" 6"' = c; find a?; 

.*. mx log a + nx log b « log c ; 

_ log c • _ log c 

~ m log a + n log b "" log (a* 6") * 



SIMPLE INTEREST AND DISCOUNT. 

3. Let P ^ the principal or sum lent, 

r = interest of £(l) for one year, 

n = time ; 

.•, wr = interest of £l. for the time («), 

and Pnr = interest of £P for the time (it), 

or if / be the interest, / = principal x time x interest of £1 
for one year. 
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Let c = rate per cent. i.e. interest of £lOO. for one year; 

c 
•• 100' 

dP X W X C 

.*. / = — — — — , which is tlie rule given in the books of 

arithmetic; viz. multiply the principal by the time and rate^ 
and divide the product by 100. 

Ex. Find the interest on £l20. for 3 years at 4 per cent. 

4 
Here r = — = .04 ; 

.-. / = 120 X 3 X .04 = 14.4 = £l4. 8*., 

u *u , y 120 X 3 X 4 jr.. 40,,^.^ 
or by the common rule, / = — — = jbl4. — - £14. 8j. 

Cor. The amount (M) is the principal + the interest, or 
M=P + Pnr. 

4. Discount is the allowance made for the payment 
of a sum before it becomes duie; and the present worth of 
a sum due some time hence is the sum to be- paid at once 
instead of at the remote period; hence discount is the dif- 
ference between the amount due at the end of the time and 
the present worth. 

Let 3f be a sum due at end of time (n), 

P the present worth; 

then it is clear that if P be put to interest, its amount 
ought in fairness to be equal to M; 

.\P + Pnr = M; .-. P= ^^ 



Also D = 3f-P = 3f- 



1 +nr 
M Mnr 



l + «r 1 + wr 
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,« C , n T. M 100 M 

Cor. If_beputforr,P = -^=^^^^^; 

100 
.-. (100 + «c) P=100xi»f; 
.•, 100 + WC : 100 :: M : P, 
which is the rule given in the ordinary books of arithmetic. 

Ex. Find the present worth of £2 1 6. due 2 years hence 
reckoning 4 per cent. 

HereM = 2l6; r = .04; n=2; .♦. «r=.08; 

n 216 ^^^ 

.-. P = --— =200. 
1.08 

Also by the common rule ••• nc-S, 

108 : 100 :: 2l6 : P = ?l^^i!^ = 200. 
Discount = 216 -200 = £l6. 



COMPOUND INTEREST. 

5. When the interest due at the end of a fixed period^ 
as for instance a year^ is added to the principal^ and interest 
is charged upon their amount^ the money is said to increase 
at compound interest. 

To find the amount of £P. increasing at compound in- 
terest 

If r be the interest of £l. for one year; 
.*. P ■\-Pr will be the amount due at the end of first year. 

Let P+Pr=^P^, and let Pg, P^ P^ &c. P„ be the amounts 
due at end of 2nd^ 3rd^ and nth years ; 
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.• Pi = P + Pr = P (1 + r); 

.'. P, = P. + P,r = P,(l+r), 
Pi = P. + P,r = P,(l+r), 
P4 = P.+ ^3r = P,(l+r), 



Hence by multiplying and leaving out the factors common 
to each side^ 

P. = P(l + r)-, 

or if M = P,; M = P (1 + r)\ 
the values of M, or n are best found by logarithmic tables. 

Ex. Find the amount of £lOO.^ in 40 years reckonings 
4 per cent. 

Here P = 100, r = .04, « = 40 ; 

.-. M = 100 (1.04)*^; .-. log M = log 100 + 40 log (1.04), 

log 100 - 2 ; 40 log (1.04) = .6813320; 
••. log M = 2.6813320 ; .-. M = £480. 2s. very nearly. 

6. To find in how many years a sum of money will 
increase m-fold at compound interest 

Here M = mP = P (1 + r)"; .-. wi = (1 + r)" ; 
.-. log(7w) = n.log(l + r); /. n ^ j^g f/^^^.) « 

£x. In how many years will a sum of money double 
itself at 5 per cent. ? Here wi = 2, r = .05 ; 

log (2) .3010300 ,,^ 

•'• " = I — /^ /e\ " r^^-io^a = 1*«2 years, 
log (1.05) .0211893 ^ 
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7. To find the amount when interest is reckoned half- 
yearly. 

If r = interest of £l. for 1 year, and n the number of 
years, then ••• 1 + - = amount of £l. at the end of the first 
payment, and as ^n is the whole number of payments, 

Let P= 100. r = .04, and w = 40 ; .-. M= 100 (1.02)**' ; 

.-. log M = log (100) + 80 log (1 .02) ; .•. M = £48?. IOj. \\d. 

whence by reference to the former example, we find that 
there is a gain of £7* 8^. \\d. by receiving dividelids half- 
yearly. 

If the interest be received every second it becomes due; 
then if wi = seconds in a year; .*. wiw = number of pay- 
ments, and M = P (1 + ^Y" = P(l -h £Y "• 

But we have seen that f 1 + — j~ = e when m is Tery 

great; 

.-. 3f = Pe"^ 

8. To find the present value of a sum 3f, due n 
years hence, reckoning compound interest. 

Let P = present worth ; then P put out to interest ought 
to amount to M, i. e. 

P(l+r)-=3f; ... P = (3^. 

If n be the fractional part of a year, which is the case 
in most transactions; 

P =5 nearly. 
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It is usual in business to charge interest instead of 
discount; and when n is small the error is small also. 

M 

For P = = M(l - nr) nearly = 3f - Mnr, nearly 

= M — interest of M, nearly. 

9. To find the amount of an annuity for any number 
of years. 

Let A be the annual payment. 
Then at end of 1st year A is due, 
2nd year A + the amount of A 

= A + A(l +r) or A^ is due, 
3rd year A + Ai{l+r) 

= A + A{l+r) + A{l+ry==Ag is due, 
4th year A + Ag^l+r) 

= A + A(l+r)+A{l + ry+A{l+ry is due; 
.-. whole amount due at the end of the n* year 
= A^A{l+r) + A(i + ry+&c.-hA(l + r)— ^ ; 

.-. M = ^ . {1 + (1 + r) + (1 + r)* + (1 + r)*+ &c. + (1 + r)"-'j 



i 1 +r- 1 J 



• 



10. To find the present value of an annuity. 

l.et P be the present value ; then in n years P ought to 
amount to AT, i. e. should = P (1 + r)" ; 

.-. P(l+ry=^A.^^^^^^-^; 
r ( (1 + r)"' 
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Cor. If the annuity be perpetual or arise from a free- 
hold estate « = a , and -. r- disappears ; 

(1 + r)" ^^ 

„ A 100^4 ' 
r c 

Ex. What is .the value of an estate producing a rent 
A, money making 4 or 5 per cent. ? 

Here c = 4. or 5; .-. P^9.5A or 9.0 A; 

i. e. is either 25 times or 20 times the annual rent^ or as 
it is said^ is worth 25 or 20 years purchase^ according as 
money is worth 4 or 5 per cent. 



. EQUATION OF PAYMENTS. 

11. A sum £P is due at the end of a months^ £Q is due 
at the end of b months^ at what time should both be paid 
at once, that neither the borrower nor the lender should 
incur loss? 

Let J? = time at which both payments can be made^ and 
which is > « < 6. 

Therefore Interest of £P for the time x — a ought to 
be equal to the interest of £Q for the time b — x; 

or P(x- a) r= Q(b - x) r ; 

Pa + Qb 



X — 



P + Q 



This rule which is ordinarily used is not strictly true; 
for the discount and not the interest of Q should be com- 
puted ; since Q is paid b - x months before Q is due ; to 
obtain an accurate value for x, we must say that the in- 
terest of P for time x -a, should equal the discount of Q for 
time (b- x); 
11 



242 EQUATION OF PAYMENTS. 

^ ' 1 + (/> - jp) r 
.-. P(*-a) + i'r(a:-a)(6'-x) = Q(6-a:), 
a quadratic equation from which x may be found. 

There are many things in Algebra^ not as yet mentioned, 
but these must be lefl for a succeeding volume. 
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